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ABSTRACT 

The  character  tables  and  the  algebra  of  representations  are 
discussed  for  finite  groups  of  order  less  than  32.  Classes,  normal 
subgroups,  composition  series  and  the  automorphism  group  are  also 
listed  for  roost  groups. 

The  character  tables  and  the  algebra  of  representations  are 
also  discussed  for  the  general  cyclic,  dihedral  and  dicyclic  groups 
and  for  the  groups  H®Cn,  where  H  is  abelian. 

A  theorem  concerning  the  reduction  of  the  semidirect  product 
to  the  direct  product  is  proven. 
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CHAPTER  I 

BASIC  DEFINITIONS  AND  THEOREMS  CONCERNING  FINITE  GROUPS 

§  1.1  Introduction 

The  concept  of  a  group  is  one  of  the  most  fundamental  concepts  in 
mathematics  and  has  received  a  great  deal  of  study. 

The  theory  of  finite  groups  may  be  said  to  date  from  the  time  of 
Cauchy.  Galois  introduced  the  important  idea  of  a  normal  subgroup.  He 
showed  also  that  to  every  algebraic  equation  of  finite  order,  there  corres¬ 
ponds  a  finite  group  on  which  all  the  properties  of  the  equation  depend. 

By  this  he  indicated  how  far  reaching  the  applications  of  group  theory  might 
be,  and  thus  contributed  greatly  to  the  consequent  development  of  group 
theory. 


During  the  middle  of  the  last  century,  along  with  Kronecker  and 
Gauss,  the  French  mathematicians  Serret  and  Jordan  published  important 
expositions  of  group  theory  and  developed  the  ideas  of  Galois  and  applied 
them  to  the  theory  of  equations. 

Considerable  progress  was  made  in  the  theory  itself,  in  1872, 
with  the  publication  of  Sylow's  "Theoremes  sur  les  groupes  de  substitutions", 
and  since  then  there  has  been  a  steady  development  of  the  theory. 

Since  the  discovery  of  group  characters  by  Frobenius,  at  the  end 
of  the  last  century,  group  theory  has  made  powerful  contacts  with  other 
branches  of  mathematics,  both  pure  and  applied,  and  also  with  physics. 

Since  the  development  of  quantum  mechanics,  physicists  have  made 
much  use  of  group  theory.  The  rotation  group  and  the  symmetric  groups  have 


•'  \'IJ  :flr  •  , . .  ,, 


,;o  \ zu  ■ :■  ■  ■:  ,■  ,  ,■ 

&Lar.  ,;isw  :s8‘;  q  .q ;  r\>>,  . 


•ta-Of*.-1  q, t? ■<:  lo  >aJU  s’!  v  ■ 


2 


been  widely  used  to  exploit  symmetries  in  quantum  mechanical 
systems;  the  crystallographic  point  groups  have  been  applied  to  the  study 
of  potentials  possessing  a  crystalline  symmetry  structure;  and  the  Lorentz 
group  has  been  useful  in  solving  many  problems  in  the  quantum  theory  of 
elementary  particles. 

In  this  thesis  certain  properties  of  finite  groups  and  their 
representations  are  discussed  in  terms  of  the  properties  of  certain  of  their 
subgroups.  The  main  emphasis  is  on  the  discussion  of  character  tables  and 
the  algebra  of  representations  of  groups.  A  knowledge  of  basic  group  theory 
is  assumed,  but  some  of  the  definitions  and  theorems  relevant  to  the  work 
in  this  thesis  will  be  stated  in  Chapter  I.  Most  of  these  definitions  and 
theorems  can  be  found  in  Lomont  [l].  Hall  [2],  Curtis  and  Reiner  [3],  and 
in  many  other  books  on  group  theory. 

§  1.2  Finite  Groups 

There  are  various  relationships  between  pairs  of  groups.  The 
first  of  these  is  that  of  isomorphism. 

Definition.  A  one  -to-one  mapping  G«—»H  of  the  elements  of  a  group 
G  =  (A. , . . . ,A  )  onto  those  of  a  group  H  =  (B  ,...,B  )  is  called  an  iso- 
morphism,  if  whenever  A^*—*B^,  and  AJ—4  B^,  then  B1^2  '  ^ 

one-to-one  mapping  of  a  group  G  onto  itself  is  called  an  automorphism. 

More  generally  we  may  have  a  mapping,  not  necessarily  one-to-one, 
of  the  elements  of  a  group  G  onto  those  of  a  group  H.  This  mapping  is 
called  a  homomorphism  if  it  preserves  products. 

For  a  fixed  element  A  of  a  group  G,  the  mapping  a  (A),  in 


which 
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a(A):  (A^ — »A  1  A^A)  for  all  A^  of  G, 

is  one-to-one,  and  a(A)  is  called  an  inner  automorphism  of  G.  All  other 
automorphisms  are  called  outer. 

Theorem  1.1.  The  inner  automorphisms  of  a  group  G  are  a  normal  subgroup 
l(G)  of  the  group  A(G)  of  all  automorphisms  of  G. 

Definition:  If  H  =  (B^,...,B^)  is  any  subgroup  of  G,  and  A  is  any 

element  of  G*  then  the  set  of  elements  AH  =  (AB^ , . . . ,AB^)  is  called  a 
left  coset  of  H  and  the  set  of  elements  HA  =  (B^A, . . . ,B^A)  is  called  a 
right  coset  of  H.  It  is  known  that  any  two  left  cosets,  or  any  two  right 
cosets  are  either  identical  or  disjoint  and  that  the  order  of  a  coset  of  H 
is  a  divisor  of  the  order  of  G. 


A  subgroup  H  of  a  group  G  is  normal  then,  if  and  only  if, 

AH  =  HA,  for  all  A  of  G.  The  distinct  cosets  of  a  normal  subgroup  H 

of  G  form  a  group  under  multiplication,  if  the  product  of  two  cosets 
A^H  =  (A^B^, . . . ,A^B^)  and  A^H  =  (A^B^ , . . . ,A^B^)  is  defined  as  the  set  of 
distinct  products  A^B^A^B^.  This  group  is  called  the  quotient  or  factor 

group  of  G  with  respect  to  H  and  is  symbolized  by  G/R. 


A  maximal  subgroup  H  of  a  group  G  is  a  subgroup  that  is  con¬ 
tained  in  no  other  subgroup  of  G. 

Theorem  1.2,  Every  finite  group  of  order  greater  than  1  possesses  a  finite 

series  of  subgroups  G,H  ,...,H  ,E  such  that 

X  s 


G:>H,  ^>H_:>...oH3E 
12  s 

and  H.  -  is  a  maximal  normal  subgroup  of  H..  Such  a  series  is  called  a 

1+1  or  3. 

composition  series  of  G;  the  factor  groups  G/k^,  H^/k^, . . . ,Hg_ j/kg >  Hg 
are  called  composition  factor  groups  and  the  length  or  dimension  of  the 


.. 
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composition  series  is  defined  to  be  s+1  . 

If  we  denote  the  order  of  G.H, , . . .  ,H  by  g,h, ,  the 
composition  indices  of  a  composition  series  of  G  are  defined  to  be 
hi  A  solvable  group  is  a  group  whose  composition  indices  are  all 

prime  numbers.  All  the  groups  discussed  in  this  thesis  are  solvable. 

The  commutator  subgroup  and  the  center  of  the  group  are  also  listed 
for  each  group  discussed  in  Chapters  2  and  3»  The  commutator  subgroup 
of  a  group  G  is  the  smallest  subgroup  containing  all  elements  of  the  form 
A  ■''AB  and  is  normal  in  G.  The  center  of  a  group  G  is  the  normal 

subgroup  containing  all  self-conjugate  elements  A  =  A^AA^  for  all  A^ 
elements  of  G. 


§  1.5.  The  Direct  and  Semidirect  Product 

Given  two  groups  H  =  (B^,...,B  )  and  K  =  we  can 

form  from  these  groups  the  elements  (B,C)  of  a  new  group  H  x  K  if  we 
define  the  product  by  the  rule 

(Vci)(b2>c2)  =  (b1»2.c1c2)  . 

The  group  H  x  K  is  called  the  direct  product  of  H  and  K. 


The  direct  product  has  some  very  interesting  properties.  The 
most  important  property  is  illustrated  by  the  following  theorem. 

Theorem  1.3.  A  group  G  is  isomorphic  to  the  direct  product  H  x  K  of 
two  subgroups  H  and  K  if 

(1)  H  and  K  are  normal  subgroups  of  G, 

(2)  the  identity  element  is  the  only  element  common  to  H  and  K, 

(3)  every  element  of  G  can  be  expressed  as  the  product  of  an 


element  of  H  and  an  element  of  K. 


. 

. 


' 
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Many  groups  can  be  built  up  by  the  direct  product  method.  For 
example,  any  abelian  group  is  isomorphic  to  a  direct  product  of  cyclic 
groups.  The  properties  of  the  direct  product  G  =  H  x  K  of  two  groups  H 
and  K  can  easily  be  deduced  from  the  properties  of  H  and  K. 

A  second  method  of  forming  larger  groups  from  smaller  groups  is 
by  the  normal  or  semidirect  product. 

Theorem  1.4.  Given  two  groups  G  and  H,  and  for  every  element  B  of 
H  an  automorphism  of  G, 

A  — >  B(A)  , 

for  all  elements  A  of  G.  Then  the  elements  (A,B)  form  a  group  under 

the  product  rule 

(ai,b1)(a2,b2)  =  (a1b1(a2),  bx  b2)  , 

called  the  normal  or  semidirect  product  of  G  by  H. 

The  semidirect  product  of  G  by  H  is  denoted  by  G0H, 
where  cr  defines  the  mapping  A — ?>B(A). 

If  a  group  M  is  the  semidirect  product  of  G  by  H,  then 
the  elements  (A,l),  for  all  elements  A  of  G,  form  a  normal  subgroup 
of  M  isomorphic  to  G,  and  the  elements  (l,B),  for  all  elements  B  of 
H,  form  a  subgroup  of  M  isomorphic  to  H. 

Theorem  1.6.  A  group  M  is  isomorphic  to  the  semidirect  product  G0H, 

of  tno  subgroups  G  and  H  if  and  only  if, 

(1)  G  is  a  normal  subgroup  of  M  and  H  is  a  subgroup  of  M, 

(2)  only  the  identity  element  is  common  to  G  and  H, 

(3)  every  element  of  M  can  be  expressed  as  the  product  of  an 


element  of  G  and  an  element  of  H. 
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§  1.4.  Representations  and  Character  Tables 

The  theory  of  group  representations  is  concerned  with  the  problem 
of  classifying  the  homomorphisms  of  an  abstract  group  into  groups  of  matrices 
or  linear  transformations.  The  importance  of  this  idea  depends,  in  part, 
on  the  fact  that  group  theoretic  calculations  are  easier  to  carry  out  in 
groups  of  matrices  than  in  abstract  groups. 

Definition.  Let  G  be  a  finite  group  and  M  a  vector  space  over  a  field 
K.  A  representation  of  G  with  vector  space  M  is  a  homomorphism  T(g  —►T(g)) 
of  G  into  the  group  GL(M)  of  all  non-singular  linear  transformations  of 
the  vector  space  M  onto  itself. 

Two  representations  T'  and  T  with  representation  spaces  M 
and  M'  are  said  to  be  equivalent  if  there  exists  a  vector  space  isomorphism 
S  of  M  onto  M'  such  that 

T ' ( g)  S  =  ST(g)  . 

If  (m  , . . . ,mn)  is  a  basis  of  M  over  K,  then  the  matrix  T!(g)  of 
T(g)  with  respect  to  the  basis  (m^,...,mn)  is  a  non-singular  n  x  n 
matrix  over  the  field  K  and 

T'(x  -+T'(x)) 

defines  a  matrix  representation  of  G.  Other  representations  can  be  obtained 
from  T(g)  by  choosing  other  bases  of  M  but  these  are  considered  equiva¬ 
lent  since  they  differ  only  by  a  similarity  transformation. 

Definition.  The  character  ^  of  a  representation  T  =  (D  ,...,D  )  of  a 
group  G  is  a  function  on  G  defined  by 

y(D„)  =  trace  D. 

a.\  x/  x 
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It  is  clear  that  characters  are  class  functions,  and  also  that  equivalent 
representations  have  the  same  character. 

Definition.  A  representation  is 

(1)  integer  if  it  is  equivalent  to  a  real  representation, 

(2)  half-integer  if  it  is  equivalent  to  its  complex  conjugate, 
but  not  to  a  real  representation, 

(3)  neither  integer  nor  half-integer  if  it  is  not  equivalent  to 
its  complex  conjugate. 

The  terminology  in  the  definition  is  that  used  by  Wigner  for  the 
three-dimensional  rotation  group. 

Definition.  Let  V  =  (D^...^),  T'  =  (D|, . . .  ,D^)  ,  and  T"  =  (Dj, . . .  ,DJJ) 
be  three  representations  of  a  finite  group  G.  Then  T  is  the  direct  sum 
of  T'  and  T"  (written  f  F" )  if 

D!  0 

1 

0  D'^ 

A  representation  r(G— >G  L(M) )  of  G  with  representation  space 
M  is  said  to  be  irreducible  if  M  cannot  be  decomposed  as  a  direct  sum 
of  other  representation  spaces. 

Theorem  1.7.  If  V.  =  (D  ,.,.,D  )  is  an  irreducible  representation,  then 

_J  o 


i=l 


where  =  +1,  -1,  or  0,  according  as  r  is  integer,  half-integer  or 

neither,  and  C.  is  called  the  Frobenius-Schur  invariant. 

J 

If  r  is  the  number  of  classes  of  G,  there  are  r  inequivalenfc 
irreducible  representations  of  G.  Two  important  character  orthogonality 
relations  for  the  representations  of  a  finite  group  G  are 
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y  q  x'P)*  X<q)  -  8  6Pq 
i=l 


1.2 


r 

L 

P=1 


,(p)*  „(p) 


g/r .  5.  . 
'  l  ij 


where  r  is  the  order  of  the  i-th  class,  p  and  q  label  the  represent¬ 

ation  of  G  and  i  and  j  label  the  classes  of  G.  If  we  now  construct 
a  character  table  listing  the  classes  along  the  top  and  the  representations 
along  the  side,  (l.l)  becomes  a  row  orthogonality  relation  and  (1.2)  becomes 
a  column  orthogonality  relation. 


An  important  relation  which  helps  to  determine  the  dimensions  of 
the  inequivalent  irreducible  representations  of  a  finite  group  can  be  obtained 
from  (1.2)  by  considering  only  the  identity  class’. 

£  «  . 

p=i 

where  d  is  the  dimension  of  the  p-tb  representation. 

P 

§  1.3  Induced  Representations 

Let  G  be  a  finite  group.  Let  H  be  a  subgroup  of  G  and  let 
L(h  — >L(h))  be  a  representation  of  H  by  non-singular  linear  transforma¬ 
tions  in  a  vector  space  M(L)  which  is  finite-dimensional,  over  a  field  K. 
Then  the  functions  f  of  G  to  M(L)  such  that 

(1)  f(hg)  =  L(h)  f(g) 

for  all  g  €  G  and  h  e  H  form  a  vector  space  over  K  which  is  invariant 

J 

under  translation  from  the  right  by  G.  In  other  words,  if  we  define 


-  •  .  '  r.i 
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by  the  equation 

(Ug(f))  (g)  =  f(gs) 

then  U1j(s  —*■  U*)  will  be  a  representation  of  G  by  non-singular  linear 
s 

*1 

transformations  in  the  vector  space  M(U  J)  of  functions  f  satisfying 
(l).  The  representation  is  called  the  representation  of  G  "induced" 

by  L. 


The  above  definition  is  that  of  Mackey  [4]  and  is  similar  to  the 
definition  first  introduced  by  Frobenius.  From  this  definition  we  obtain  a 
method  of  constructing  a  representation  of  a  group  G  from  a  representation 
of  a  subgroup  H  of  G.  Since  we  shall  be  chiefly  concerned  with  the  char¬ 
acter  of  a  representation,  a  convenient  method  of  constructing  the  character 
of  a  representation  r  of  G  from  a  representation  A  of  H  is  given  in 
theorem  1.8  which  is  taken  from  Lomont  [1], 

Theorem  1.8.  If  C.  is  the  i-th  class  of  G;  r.  its  order;  C . , ,  .  s  the 
-  J  J  J  (j) 

set  of  all  classes  contained  in  C.A  H;  s.  the  order  of  C,g/.. ;  cp  the 

J  J  J  (j) 

( i) 

character  of  the  representation  A  of  H;  and  yv  '  the  character  of  the 
representation  induced  by  A;  then 


In  the  case  G  =  H@  C^,  this  character  induction  formula  reduces  to  a  more 
simple  formula  as  shown  in  Chapter  4. 

It  is  clear  from  (2)  that  if  d(A^^)  is  the  dimension  of  the 
induced  representation,  then 

d(A^^)  =  g/h  d(A) 

Another  important  concept  in  representation  theory  is  that  of  orbit. 
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Definition .  Two  representations  A^  =  (D^'^(b))  and  A^  =  (D^'^(B)) 
of  a  normal  subgroup  11  of  a  group  G  are  conjugate  to  each  other  relative 
to  G  if  there  exists  an  element  A  of  G  such  that 

d^(b)  =  d^1^(a"1ba) 


for  all  B  of  H. 


An  orbit  of  a  normal  subgroup  H  of  G  is  then  defined  as  a 
maximal  set  of  inequivalent  irreducible  representations  of  H  which  are 
mutually  conjugate  relative  to  G. 

Theorem  1.9.  Let  H  be  a  normal  subgroup  of  a  finite  group  G;  A  an 
irreducible  representation  of  H;  0(a)  the  orbit  of  H  containing  A; 
o (a)  the  order  of  0(A);  and  Av  the  representation  of  G  induced  by 

A.  Then  A^  is  irreducible  if  and  only  if  o  'A)  =  g/h. 

The  implications  of  these  theorems,  and  the  proofs  of  some,  are 
worked  out  in  Chapter  k  for  the  special  cases  considered  there,  and  are 
applied  to  specific  finite  groups  in  Chapters  2  and 


§  1.6  The  Algebra  of  Representations 


Given  any  two  linear  spaces  L 

their  tensor  product  as  follows:  If  u^, 

V,  ,  .  .  .  ,v  are  a  basis  for  M,  the  L  x  M 
1  n 

a  basis  u^  v  ^  ,  i  =  l,...,m;  j  =  1,... 


and  M  over  a  field  K,  we  define 

„..,u  are  a  basis  for  L,  and 
m 

is  the  linear  space  over  K  with 
,n.  If 


u  = 

alul 

+ 

•  •  •  + 

a  u  , 
m  m 

V  = 

blvl 

+ 

b  v  , 
n  n 

where  u  and  v  are  elements  of  L  and  M  respectively,  then  the  product 


•  '  !  •  i '  ' ...  ( ' 

. 
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uv 


I 


a  ,  b  ,  u  ,  v  , 
1  j  i  J 


is  defined  as  an  element  of  L  x  M. 


i>  j 

If  L  is  a  representation  space  for  the  representation  p 
group  G  and  M  is  a  representation  space  for  the  representation  cr 
we  define  the  Kronecker  product  p  x  a  of  the  representations  as  the 
entation  of  G  on  L  x  M  given  by 


of  a 
of  G, 
repres- 


(uv)A  =  (uA)(vA)  }  all  u  e  L,  v  e  M,  A  e  G  , 


If  p  has  character  x>  &  has  character  ip ,  and  if  cp  is 
the  character  of  p  x  cr  then  for  every  element  A  of  G  we  have 

<P(A)  =  X(A)  ^(A) 


The  irreducible  characters  of  a  group  G  satisfy  the  relation 

r 


x(p)  x(q)  .  y  c 

H  Ai  pq  j  s  Ai 


s=  1 


where  the  C  are  the  structure  constants  of  a  commutative  and  associative 

pq,S 

algebra  called  the  algebra  of  representations. 


If  the  structure  constants  of  the  algebra  of  representations  of 
G  are  all  either  0  or  1  and  if  the  classes  of  G  are  ambivalent  then 
G  is  said  to  be  simply  reducible. 


We  now  define  the  character  x'  of  the  symmetrized  square  of  a 

(A) 

representation  T  of  a  group  G  and  the  character  x'  of  the  anti¬ 
symmetrized  square  of  a  representation  T  of  a  group  G  as  follows: 


X(S)(A)  =  \  x2(A )  +  \  x(a2) 
X(A)(A)  =  \  X2(A)  -  4  x(A2) 


'  ■■■  7  ' 

■ 
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for  all  elements  A  of  G. 

A  representation  is  called  even  if  its  character  occurs  as  a 
component  of  the  character  of  the  symmetrized  square  of  some  integer  repres¬ 
entation  or  as  a  component  of  the  character  of  the  antisymmetrized  square 
of  some  half- integer  representation.  It  is  called  odd  if  its  character 
occurs  as  a  component  of  the  character  of  the  antisymmetrized  square  of 
some  integer  representation  or  as  a  component  of  the  character  of  the 
symmetrized  square  of  some  half-integer  representation.  This  nomenclature 
is  again  due  to  Wigner  and  is  suggested  by  the  rotation  group  in  three 
dimensions . 


An  irreducible  representation  of  a  simply  reducible  group  cannot 
be  both  even  and  odd.  Furthermore,  both  even  and  odd  representations  of 
a  simply  reducible  group  are  integer  representations. 

§  1.7  Scope  of  Thesis 

In  Chapters  2  and  3,  character  tables,  and  algebra  of  represent¬ 
ations  will  be  discussed  for  the  general  cyclic,  dihedral  and  dicyclic 
groups  and  for  all  other  groups  of  order  less  than  32,  that  cannot  be 
decomposed  into  a  direct  product  of  smaller  groups.  Much  of  the  work  in 
these  chapters  has  beendone  before  and  the  discussion  of  the  cyclic,  dihedral, 
and  dicyclic  groups  along  with  the  finite  groups  of  order  less  than  18, 
appears  in  an  unpublished  manuscript  by  L.  C.  Biedenharn  and  W.  T.  Sharp. 

These  have  been  included,  with  errors  corrected,  in  this  thesis,  for 
completeness.  In  addition  to  character  tables  and  algebra  of  representations, 
tables  of  classes  and  normal  subgroups,  composition  series  and  automorphism 
groups,  in  some  cases,  have  been  included  in  the  discussion. 


■  ■  A 

:  ■  ■  .  rr  •>  n#  oqn-.  r. 


'  ■  "  . 


'•  •  ‘0--  v-s  Jew  ti.  '  <■■■; 
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Chapter  4  is  devoted  mainly  toward  proving  some  theorems  concern¬ 
ing  direct  and  semidirect  products.  Many  of  the  theorems  concerning  semi- 
direct  products  and  induction  of  representations  can  be  found  in  two  papers 
by  Mackey  [4],  The  discussion  concerning  character  tables  and  algebra  of 
representations  will,  except  for  the  direct  product,  be  restricted  mainly 
to  the  case  H  (§)  C^,  where  H  is  abelian. 

Chapter  5  consists  of  a  conclusion  to  the  thesis. 


lit 


CHAPTER  2 

CHARACTER  TABLES  AND  ALGEBRA  OF  REPRESENTATIONS 
OF  SOME  FAMILIES  OF  FINITE  GROUPS 


§2.1  Introduction 

Although  one  must  in  general  calculate  character  tables, 
automorphism  groups,  and  algebra  of  representation  for  finite  groups 
individually,  it  is  possible  to  discuss  these  subjects  in  general  for 
certain  families  of  finite  groups  such  as  the  cyclic,  dihedral,  and 
dicyclic  groups. 

Besides  character  tables  and  algebra  of  representations,  the 
class  structure  is  also  outlined  along  with  normal  subgroups  and 
automorphism  groups. 

We  will  attempt  to  discuss  the  properties  of  the  groups 
concerned  in  terms  of  the  properties  of  their  subgroups.  It  is  easy, 
for  example,  to  obtain  the  automorphism  group  of  if  one  knows  the 

automorphism  group  of  C^  ,  In  chapter  4,  it  will  be  shown  that  the 
character  table  and  its  properties  plus  the  algebra  of  representations 
of  can  be  obtained  completely  with  only  a  knowledge  of  C^  . 

§2.2  The  Cyclic  Group  of  Order  N. 

The  elements  of  C  can  be  regarded  as  the  rotations  in  a 

N 

plane  that  leave  invariant  a  regular  N-gon, 

Generators 


E 


! 


'■  '  -  ''  '•  ■  '' 


' 

'  .  i' :/n  /  v  ■  .■  ,  j 

.  : :  1  ,  v,  ■  . 


-  4 o  :  ■■ .  j  ■  •:  -  r  ,(.t\  ?,'■  ? 

'■ 

'  <  ■  R  '  r  \  j  ,  U']  .. 

„  .  :  .  •  Ol.  ;  -■  i 
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Direct  Decomposition 


is  indecomposable  if  N  is  a  power  of  a  prime.  If  N  =  LM 
and  L  and  M  are  relatively  prime  then  x  . 


Classes 

Since  CN  is  abelian,  it  has  N  classes  each  consisting  of  one 
element  only. 


Normal  Subgroups 

All  subgroups  are  normal. 

If  N  is  prime,  then  contains  no  proper  normal  subgroups 

and  is  thus  simple.  Each  element  of  has  then  order  N  . 

If  N  =  LM  ,  then  the  group  generated  by  A*"  is  a  normal  subgroup 

M 

of  order  M  and  similarly  the  group  generated  by  A  is  a  normal  subgroup 

L  M 

of  order  L  .  If  (L,  M)  =  q  ^  1  then  A  and  A  also  generate  these 
normal  subgroups  and  ,  but  since  (L,  M)  jl  1  ,  these  subgroups 

have  more  than  the  unit  element  in  common  so  that  there  is  no  direct 
decomposition  =  X  Si  *  c^ear  )  as  aH  abelian  groups, 

cannot  have  semi-direct  decomposition  that  are  not  direct. 

The  center  of  is  just  itself.  The  commutator  subgroup 

of  any  abelian  group,  and  thus  ,  is  just  the  unit  element.  CN  is 

solvable  and  its  composition  series  contains  just  cyclic  groups. 


Automorphisms 


has,  of  course,  only  the  identity  automorphism  as  inner 


automorphism. 

For  a  prime  p,  the  automorphism  group  of 
The  automorphism  group  of  C^a  ,  where  p 
C/  jn  a-1  ,  and  the  automorphism  group  of  C^cc  is 


C  is  just  C  , . 

P  P-1 

is  an  odd  prime,  is 
C2<x-2  x  C2  . 


Thus  the  automorphism  group  of  C 


^  is  x  and  the  auto¬ 
morphism  group  of  is  C,_^. 

If  N  =  LM  where  (L,  M)  =  1  then  the  automorphism  group  of 
is  just  the  direct  product  of  the  automorphism  groups  of  CL  and  C^. 
If  (L,  M)  =  q  -ji  1  then  the  automorphism  group  of  is  just  the  direct 

product  of  the  automorphisms  groups  of  and  (where  qL  ^  N  and 

M/q  /  1). 


Characters 

All  irreducible  representations  are  one-dimensional  and  there 
are  as  many  representations  as  there  are  elements.  The  characters  and  the 
representation  matrices  coincide  and  the  characters  are  elements  of  an 
abelian  character  group  which  is  isomorphic  to  itself.  We  can  define 

the  irreducible  representation  j  by 

Xj(A)  =  rJ  =  .l* 

2it 

where  r  is  a  primitive  Nth  root  of  unity  and  cp  =  —  (j  =  0,1,2,  ...,  N-l) 
is  not  ambivalent  (except  for  N  =  1,2).  If  N  is  odd,  only  the  unit 
representation  is  integer  and  it  is  also  even.  If  N  is  even  there  are  two 
integer  representations,  i. e, ,  for  N  =  2m  ,  the  unit  representation  and  the 
representation  j  =  m  are  integer  but  the  representation  m  is  neither 
even  nor  odd. 


Algebra  of  Representations 

With  the  Kronecker  product  as  the  law  of  multiplication  the 

irreducible  representations  of  are  just  the  elements  of  a  group  isomorphic 

to  itself, 

N 


Explicitly  one  has 


-  :  : 

■  ; 


' 


:  '  1"‘;  \  ■■  ;  ,  vt  ;  T  V, 
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X1  (a)  Xj  (a)  =  Xi+j(A) 

where  i+j  is  reduced  modulo  N  .  Thus  the  characters  yield  an  explicit 
realization  of  the  isomorphism  between  and  the  additive  group  of 

integers  modulo  N. 

is  of  course  multiplicity  free. 

Direct  Products 

Any  finite  abelian  group  is  a  direct  product  of  cyclic  groups 
of  prime  power  order. 

Semidirect  Products  with  C„ 

-  N 

The  automorphism  <r(A  — >A  of  period  2  can  be  used  to  form 

as  a  semidirect  product  ^  and  n  are  relat;lvely  prime 

the  same  automorphism  can  be  associated  to  the  generator  B  of  period  2  of 
to  form  a  semi-direct  product  D^n  =  =  (C^  x  C^)  ©  .  However, 

if  n  is  odd,  we  can  write  this  D.  =  C  x  D.  . 

§2.3  The  Dihedral  Group  of  Order  2N 

For  N  greater  than  or  equal  to  two,  the  elements  of  D^  can  be 
regarded  as  the  plane  rotations  and  reflections  that  leave  invariant  a 
regular  N-gon  (D^  is  the  symmetry  group  of  a  rectangle). 

Generators 

AN  =  =  (AB)^  =  E  .  This  relation  implies  BAB  =  A  *  ,  where 

A  is  a  rotation  through  —  radians  and  B  is  a  reflection  through  the 
origin. 

Direct  Decompositions 

D  is  indecomposable  unless  N  =  4M  +  2  with  M  integral  (so 
N 

that  N  is  twice  an  odd  integer).  We  will  then  have  =  C£  x 


-  '  ■  .  ...  ..  Na.ll  ■  ■» 

".'’VI'©  '  -  ;ioq  P',f,  /■;  >:•'  1C. 
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(C^  generated  by  P  ^  by  A2  and  B). 

Classes 

The  class  structure  depends  on  whether  N  is  even  or  odd. 
(i)  Classes  of 


Class  Notation 
Elements 

Order  of  Class 

Order  of  Elements 
(Period) 


E 

(X 

A 

am 

B 

AB 

E 

(X 

A 

am 

b,a2b, 

AB,A^B, 

.N-a 

A 

4  N-2 

AB„../  a 

1 

2 

i 

ivi 

XX 

1 

N 

T^l 

2 

2 

2 

a  <  M-l 


(ii)  Classes  of  . 

x  '  2M+1 


Notation 

E 

!  Aa 

B 

Elements 

E 

Aa 

B,  AB, 

.N-a 

A 

a2b,  ...  ,an_1b 

Order 

1 

2 

N 

Period 

1 

N 

2 

Tn^T 

a  <  M 


•!:  a:  ..  -n<:  .3-;!"^ 

■ 


19 


Normal  Subgroups 


Limits 
on  N 

Normal 
Subgroup  G 

Factor 

Group 

Realization  of  H  in  D 
with  GflH  =  E  N 

Semidirect  Product 

Dn  =  G  <0  H 

Gener¬ 

ators 

Struc¬ 

ture 

H_  — 

H-  G 

Generators 

Reason  why 
none 

Definition 
of  a 

Direct 

Product 

None 

A 

CN 

C2 

B 

- 

b:  a-*  a-1 

N=2 

N=im 

( f , m)=l 

A* 

c 

m 

A1",  B 

A;  A—*  A 

b;  A— >  A-1 

m=2 

N=im 

(i,ro)/l 

A1 

C 

m 

Di 

- 

No  element 
of  order  £n 
can  be 
formed 

- 

N=2m 

a2,b 

D 

m 

C2 

A™  if  ro  odd 

AB 

- 

A01 ;  A  —A 

see  below 

Yes  if 
ro  odd 

Note*  With  N  =  2m  and  h  generated  by  AB,  the  semidirect  product  is 

P  _p  2 

defined  by  cr(AB );  A^-*  A  ,B  ->A  B  ,  It  can  also  be  seen  that  the 

2 

elements  A  ,  AB  generate  a  subgroup  isomorphic  to  the  subgroup 
2 

generated  by  A  and  B  ,  and  is  conjugate  to  it. 


For  Dg  the  center  is  itself,  since  it  is  abelian,  and  the 

commutator  subgroup  is  the  identity  element. 

When  D  =  2m  ,  the  center  is  generated  by  A™  ,  the  center  thus 

being  isomorphic  to  C^,  and  the  commutator  subgroup  is  generated  by 
-1  2 

ABA  B  =  A  which  is  isomorphic  to  C 

When  D  =  2m+l  ,  the  identity  element  is  the  center  and  the 
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commutator  subgroup  is  generated  by  A  and  is  just  ^  , 

It  is  clear  that,  since  Dv,  has  a  maximal  subgroup  C  ,  and  that 

N  n 

thus  one  composition  series  for  contains  only  cyclic  groups  and  the 

corresponding  factor  groups  are  cyclic  also,  must  also  be  solvable. 

By  the  Jordan-Holder  theorem  then  the  factor  groups  of  any  composition 
series  of  D  are  cyclic. 


Automorphisms 

admits  the  automorphism  R  which  takes  A  into  A  and  B 
N 

into  AB  .  Since  R  =  E  ,  we  see  that  R  generates  C  .  If  S.  is 

IN  K 

any  automorphism  of  then  is  also  an  automorphism  of  .  We 

see  then  that  the  automorphism  group  of  is  just  the  holomorph  of  C^, 

i,e,,  the  natural  semidirect  product  of  with  the  automorphism  group 

of  CN  ,  For  example  the  automorphism  group  of  is  (j)  and  of 

Dlo  is  C1 6  ©  (C4  x  C2h 

For  ,  there  is  an  added  automorphism  which  interchanges  A 

and  B  and  the  automorphism  group  of  D.  is  D  generated  by  U  which 
takes  A  into  AB  and  B  into  A  and  by  V  which  takes  A  into  A 
and  B  into  AB, 

From  the  table  of  classes  it  is  clear  that  the  automorphism  R 

2 

is  inner  only  if  N  is  odd.  However  R  and  ^  are  always  inner  and 

may  be  taken  as  the  generators  of  the  group  of  inner  automorphism^  . 

Thus  for  the  group  of  inner  automorphism  is 

dm 


( R2)™  =  (S  f  =  E,  S  T1  R2  S  =  R"2 

'  '  '  n-1'  '  n-i  n-1 


which  is  ,  and  for  ^2m+l  t*ie  §rouP  inner  automorphisms  has  the 

definition  (R2)2t0+^  =  (S  .  )2  =  E  which  is  D  Of  course, 

since  is  abelian,  the  identity  automorphism  is  the  only  inner  auto¬ 


morphism. 


;cc  qv  a  to  .  •  ur«>  .  to\.  3 


* 
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the  whole  automorphism  group;  in  other  words,  D  is  complete.  Thus  it 
is  impossible  to  extend  D_  as  the  first  member  of  a  semidirect  product 

5 

since  it  has  no  outer  automorphisms. 

Characters 

The  representations  of  are  easily  obtained  by  induction 

from  .  The  one-dimensional  represenation  of  =  ^  induces  two 

one-dimensional  representations  (l  and  1')  which  are  reducible.  The 
representation  j  of  induces  a  two-dimensional  representation  of 

which  we  call  U-*  .  U'*  is  irreducible  unless  j  and  -j  are  equivalent, 

N  i  i 

i.e.,  unless  j=0  or  j  =  ^  with  N  even.  Also  U  and  U  '  are 

equivalent  if  and  only  if  j  +  j'  =  0  (mod  N).  Thus  for  N  odd,  say 

N  =  2m  +  1  ,  we  obtain,  by  taking  1  <  j  <  m  ,  m  inequivalent  2- 

dimensional  representations,  which  are  all  the  irreducible  representations 

Dn  can  have.  For  N  even,  say  N  =  2m  ,  by  taking  1  <  j  <  m  -  1  we 

obtain  m  -  1  distinct  irreducible  representations  and  since  we  have  ro  +  3 

classes,  two  irreducible  representations  besides  1  and  1'  must  be  found. 

These  are  one-dimensional  and  may  be  found,  together  with  1  and  1'  , 


from 


.  In  this  way  the  character  tables  are  completely 


determined. 


■ 

'  '  :  ft  ,  ft  ft.!; 
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D 


2m 


Order 


Representation 


Class 


E 

a 

A 

Am 

B 

AB 

1 

2 

1 

m 

m 

1 

1 

1 

1 

1 

1 

1' 

1 

1 

1 

-1 

-1 

h 

1 

(-Da 

(-D” 

1 

-1 

l2 

1 

(-if 

(-1)“ 

-1 

1 

2 

2  cos  ajcp 

2  cos  micp 

0 

0 

j  <  m-1  a  <  tti-1 


n 

m 


Induced  from 


Induced  from 


D 


2m+l 


Order 


Representation 


j  <  m 


Class 


E 

a 

A 

B 

1 

2 

2m+l 

1 

1 

1 

1 

1' 

1 

1 

-1 

2 

2  cos  ajcp 

0 

<  m 


cp  - 


2* 

2in+l 


Induced  from  identity 
representation  of 

CN 


Induced  from  C 


N 


is  ambivalent  and  each  irreducible  representation  is  integer. 
The  character  group  (group  of  the  one-dimensional  representations)  is  C 


for  Dan+1  and  D2  for  °2w  ■ 


■  >J  :3  .. 
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§2.4  The  Dicycllc  Group  of  Order  4n  =  *  2,  2,  N  > 

~  is  abelian  and  is  explicitly  excluded  from  what  follows, 
is  the  famous  quaternion  group. 

Generators 

2N  2N-1  -1  N2/v2 

A  =  E  B=A  B  AB  =  A  or,  alternately  A  =  B^  =  ( AB )  . 

Direct  Decompositions 

Q  is  indecomposable. 

Classes 

If  we  identi fy  the  generators  A  and  B  of  with  the  generators 

A  and  B  of  D^N  we  see  that  the  conjugation  rules  B  ^AaB  =  A  a  and 
-1  2 

A  BA  =  BA  hold  equally  in  and  D0^  .  The  elements  of  each  group  can 

also  be  expressed  by  the  conjugation  rules  in  the  form  Aa  or  AaB  ,  Hence 
with  this  identification  the  class  structure  of  and  are  identical, 

i.e.,  the  'same*  class  contains  the  'same'  elements.  Of  course  in  D^  the 
elements  of  the  classes  B  and  AB  have  period  2  while  in  the  elements 

in  the  classes  B  and  AB  have  period  4.  As  for  D^,  a^-so  ^as  N  +  3 


classes 


-  2b  - 


Normal  Subgroups 


Limits 

Normal 

Factor 

Realization  of  H 

Semidirect 

Product 

on  N 

Subgroup  G 

Group 

in  Qk.  with  G  0  H=  E 

N 

%  - G 

@  H 

Gener- 

Struc- 

^N 

H  =  — 

Generators 

Definition 

Direct 

ators 

ture 

Vj 

of  cr 

Product 

None 

A 

C2N 

°2 

- 

None 

- 

'l  even 

A2 

CN 

D2 

- 

None 

- 

N  odd 

A2 

CN 

B 

2  -2 
B:  A  A 

N=1 

.'tone 

an 

C2 

dn 

- 

None 

- 

N=i m 

A* 

C2m 

- 

None 

- 

N=2ra 

a2,b 

C2 

- 

None 

- 

Note*  There  is  a  close  correspondence  with  the  normal  subgroups  of  D^, 

In  each  case  where  there  is  no  realization  of  H  in  ,  all  the 

elements  of  period  2  are  already  in  G. 

The  commutator  subgroup  of  QN  is  the  group  generated  by 

2  N 

A  and  the  center  is  the  group  generated  by  A  ,  exactly  as  for 

°2N*  ^N  s°lvable  and  its  composition  series  factor  groups  are  cyclic 

groups.  As  an  example,  consider  two  composition  series  for  Q^. 

Qlf  °  C8  D  C4  ^  °2  ^  1 

%  3  Q2  *3  Cb  D  C2  3  X 


has  dimension  4  and  the  factor  groups  of  the  composition  series  are 


8.V0  J  SUSHIS  f) 
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(four  times).  is  the  smallest  hamlltonian  group,  that  is,  it  is  the 

smallest  non-abelian  group  all  of  whose  subgroups  are  normal.  In  general, 
is  not  hamiltonian. 

Automorphisms 

If  R  maps  A  into  A  and  B  into  AB  and  is  the 

automorphism  of  C^N  that  takes  A  into  A  '  ,  then  R  and  are 

automorphisms  of  and  in  general  R  and  are  generators  of  the 

2N 

automorphism  group  with  appropriate  choice  of  k  .  We  note  that  R  =  E 
~1  k 

and  R  =  R  .  Thus  the  automorphism  group  is  just  the  automorphism 

group  of  ®2n’  t*ie  holomorph  of  C^.  For  the  special  case  of  Q^, 

A  ->  B  is  an  independent  automorphism,  and  the  automorphism  group  is  A^„ 

If  we  define,  with  i,  j,  k  the  usual  quaternions,  U  ;  i  -»  j,  j  -»  k,  k  i 
and  T  ;  i  •— >  -i,  j  ->  -  j,  k  — >  k,  we  have  =  (UT)^  =  E  which  defines 

V 

2 

The  inner  automorphism  group  is  generated  by  R  and  1 .  Thus 

the  group  of  inner  automorphisms  of  is  for  N  >  23 

Characters 

The  representation  of  can  be  obtained  in  much  the  same  way 

as  those  of  D^.  The  two  integer  representations  of  each  induce  two 

inequivalent  irreducible  representations  of  (the  j  =  0  and  j  =  N 

representations  of  CgN  are  integer).  The  representations  of  C^,  0  <  j  <  N-l 
induce  inequivalent  irreducible  two-dimensional  representations  of  Q 

Hence  the  following  character  tables  are  found. 


. 

TW(-' -v:  ■  '<r  •  :'-:3pr-z  ^■nui:  ; 
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Qn  :  N  even 


Order 


Representation 


Class 


E 

Aa 

an 

B 

AB 

1 

2 

1 

N 

N 

1 

1 

1 

1 

1 

1 

1' 

1 

1 

1 

-1 

-1 

h 

1 

(-Da 

1 

1 

-1 

's 

1 

(-Da 

1 

-1 

1 

2 

2  cos  ajcp 

2  cos  Njcp 

0 

0 

j  <  N-l  a  <  N-l 


it 

N 


qn  :  n  odd 


Class 


E 

a, 

A 

an 

B 

AB 

1 

2 

1 

N 

N 

1 

1 

1 

1 

1 

1 

1' 

1 

1 

1 

-1 

-1 

i 

1 

(-Da 

-1 

i 

-i 

i' 

1 

(-if 

-1 

-i 

i 

2 

2  cos  ajrp 

2  cos  njrp 

0 

0 

Order 
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We  notice  that  is  ambivalent  only  if  N  is  even.  This  is  also 

evident  from  the  class  structure  since  for  N  odd  B  and  B  ^  are  not 
in  the  same  class.  Also  for  N  even  the  character  table  is  identical 
with  the  character  table  of  D  .  The  character  group  for  N  even  is 
and  for  N  odd  is  C^. 

The  one-dimensional  representations  (except  for  i  and  i')  are 

all  integer.  The  representations  are  integer  for  j  even,  half-integer 

for  j  odd.  For  all  the  irreducible  representations  are  integer  so 

that  both  for  N  odd  and  N  even  there  is  a  difference  here  between  D^..  and 

2N 

i  2 

Q  .  The  essential  point  here  is  that  S  XJ(R  )  depends  upon  the  group 
N  G 

structure  as  well  as  upon  the  character  table  (or  class  structure). 


Algebra  of  Representations 


The  algebra  of  representations  is  the  same  for  if  N  is  even 

and  differs  only  for  the  one-dimensional  representations  if  N  is  odd.  Thus 

Qn  is  multiplicity  free.  For  N  even,  is  then  simply  reducible. 

The  table  of  algebra  of  representations  follows  on  the  next  page. 

il_k 

If  N  is  even,  the  representations  1  and  U  are  even  and 

4k+2 

the  representations  1*  and  U  are  odd,  the  others  not  appearing  in 

Kronecker  squares  are  neither  even  nor  odd.  If  N  is  odd,  however,  1  is 
even,  1'  is  odd  and  the  u2k 

are  both  even  and  odd. 

For  any  two-dimensional  irreducible  representation  of  Q^,  N  even, 

is  integer  if  j  =  2k.  But  U2k  (£)  U2^  =  lAk  @  1  ®  l'  from  the  above 

table.  If  j  =  2k+l,  U2^1  g)  U2^1  =  lAk+2  ©  1  ©  1'  ,  U2^1  being  half- 
4k  i).k+2 

integer.  Hence  U  and  1  are  even  and  U  and  1'  are  odd.  The 


results  for  N  odd  follow  similarly 


■  . 

.  .  :  • 
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All  N 

N  even 

N  odd 

Rep 

1 

r 

Uj'  j  /  j' 

h 

l2 

’  1 

i 

i' 

All 

N 

1 

1 

i' 

uj 

uj' 

ll 

l2 

i 

i? 

1' 

1' 

i 

u-^ 

uj’ 

12 

h 

i’ 

i 

UJ 

uj 

u^+l+l' 

uj+j,+uj"j' 

„N-j 

o"-J 

„N-j 

uN-j 

N 

even 

X1 

h 

i2 

HN-j 

uN-j’ 

1 

r 

~ 

- 

X2 

l2 

uN-j 

uN-j‘ 

1‘ 

i 

- 

- 

N 

odd 

i 

i 

i' 

uN-J 

N-  i 1 

U  J 

~ 

1' 

1 

i' 

i' 

i  uN-J 

uN-j' 

1 

1 

1' 

r 
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CHAPTER  3 

CHARACTER  TABLES  AND  ALGEBRA  OF  REPRESENATIONS 
OF  FINITE  GROUPS  OF  ORDER  LESS  THAN  32 

§3.1  Introduction 

In  this  chapter  the  character  tables  and  algebra  of  representations 
of  non-abelian  groups  of  order  less  than  32  are  outlined.  Only  such  groups 
as  have  no  direct  decomposition  have  been  included  here  since  the  structure 
of  groups  which  can  be  represented  as  a  direct  product  of  two  or  more  of 
1  heir  subgroups  is  quite  simple  in  terms  of  the  structure  of  their  subgroups. 


In  the  case  of  each  group  considered,  we  will  attempt  to  describe 
the  group  as  a  semidirect  product  of  certain  subgroups,  and  then  the 
automorphism  groups,  character  tables,  and  algebra  of  representations  will 
be  described,  as  far  as  possible,  in  terms  of  these  subgroups. 


The  groups  will  be  listed  in  chronological,  order,  and  the  nomenclature 
for  the  groups  is  that  of  Coxeter  and  Moser  (5). 

<,3  2  Finite  Groups  of  Order  less  than  32 

A.  The  Alternating  Group  on  4  Symbols  (tetrahedral  group) 

Interpretation  (i.)  Even  permutations  of  4  objects 

or  (ii)  Group  of  rotations  that  leave  invariant  a  regular 
tetrahedron. 


Generators 
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A  =  (234)  -  rotation  through  120  about  axis  through  one  vertex, 

B  =  ( 12 ) ( 34 )  -  rotation  through  180°  about  line  joining  midpoints  of 
opposite  sides. 

Classes 

Name 
Elements 


Order  of  Class 

Period 


E 

B 

A 

A2 3 

E 

B 

=  (12)(34) 

A 

(234) 

A2 

=  (243) 

2 

ABA 

=  (14)(23) 

BA 

(132) 

a2b 

=  (123) 

2 

A  BA 

=  (13)  (24) 

AB 

(124) 

2 

BA 

=  (142) 

2  2 

A  BA  = 

u^3) 

ABA 

=  (134) 

1 

3 

4 

4 

1 

2 

3 

3 

Note; 


AB  means  first  A  then  B 


Normal  Subgroups 

The  only  normal  subgroup  of  A^  is  the  group  generated  by  B 

2 

and  ABA  and  this  group  is  clearly  isomorphic  to  Dg  .  The  corresponding 

factor  group  is  C_  which  may  be  realized  in  A,  as  generated  by  A. 

3  4 

2  2 

Thus  A^  =  Dq  where  cr(A)  maps  B  into  A"BA  and  ABA  into  B. 

Note  that  this  semidirect  product  is  defined  only  because  of  the  'exceptional' 
automorphism  of  (see  §2,2). 

The  center  of  A^  is  the  identity  only  and  the  commutator  subgroup 

is  Dg.  A^  is  thus  solvable  and  a  composition  series  for  A^  is 

A^  O  Dg  5  Cg  D  E  .  Thus  A^  has  dimension  3  and  the  factor  groups  of  its 

composition  series  are  C_  and  C  twice. 

3  2 
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Automorphisms 

If  we  use  as  generators  of  the  automorphism  group 
R:  3  -►  4  (A  — ►  A2,  B  B) 

S,  1  ->2,  2  -♦3,  3  ->  1,  4  -*4  (A  -»A2  BA2,  B  — ►  ABA2 ) 


we  have 


R2  =  S2  =  (RS)^  =  E 


which  is  just  the  permutation  group  on  4  objects  S^. 

2  2 

The  inner  automorphism  group  is  generated  by  S  and  T  =  (RS)  (SR)  , 

2  *  x 

We  have  then  T  =  =  (TS)'7  so  that  the  group  of  inner  automorphisms  of 

A^  is  just  A^  itself. 


Characters 

The  characters  of  A^  are  readily  obtained  from  the  semidirect 
decomposition  A^  =  ©  C^..  The  representations  of  yield  three 

irreducible  1-dimensional  representations  when  lifted  to  A^  and  any  one 
of  the  three  representations  1',  1,  or  1^  of  induce  an  irreducible 

three-dimensional  representation  of  A^  .  The  character  table  is  then  as 
follows  on  the  next  page. 

The  character  group  is  just  C^. 

A^  is  not  ambivalent.  The  representations  1  and  3  are  integer. 
1^  and  are  neither  integer  nor  half-integer. 
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Order 


Representation 


Class 


E 

B 

A 

A2 

1 

3 

4 

4 

1 

1 

1 

1 

1 

h 

1 

1 

U-  1W3) 

t  (-I-W3) 

1 

1 

i(-i-W3) 

i(-  1W3) 

3 

3 

-1 

0 

0 

Obtained  from 
j  =  0  of  C 

3 


Obtained  from 

J  -  1  of  c3 


Obtained  from 
3=2  of  C_ 

3 


Induced  by 

l1  °£  d2 


Algebra  of  Representations 

A^  ,  because  of  the  one  three-dimensional  representation,  cannot 
be  multiplicity  free.  The  multiplication  table  for  the  representations  is 
as  follows; 


Represen¬ 

tation 

1 

X1 

X2 

3 

1 

1 

h 

l2 

3 

11 

h 

X2 

1 

3 

X2 

*2 

1 

ll 

3 

3 

3 

3 

3 

l1+l2+l+2(3) 

Also  3  ®  3  =  1  $  1^  lg  ©  3  and  3(A)3  =  3  .  Thus  the  representations 

1,  ln,  and  1  are  even  and  3  is  both  even  and  odd. 

1  d 


V 
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B.  Group  <  2,  2  [  2  >  B2  =  E  BAB  =  A"5  CQ  @  C2  CT(B)  =  (A  ~*A^) 
Generators 

B2  =  E  A8  =  E 


Classes 


Name 

E 

A 

A2 

A? 

A* 

A6 

B 

AB 

a2b 

a5b 

Elements 

E 

A 

A2 

A? 

A4 

A6 

B 

AB 

a2b 

A^B 

a5 

A? 

A^B 

A5B 

a6b 

A5B 

Order 

1 

2 

1 

2 

1 

1 

2 

2 

2 

2 

Period 

1 

8 

4 

8 

2 

4 

2 

8 

4 

8 

We  observe  that  <  2,  2  |  2  >  is  not  ambivalent. 

Normal  Subgroups 

The  table  follows  on  the  next  page. 

2 

The  center  of  <  2,  2  |  2  >  is  generated  by  A  and  is  just 

4 

the  subgroup  C^.  The  commutator  subgroup  is  generated  by  A  .  A 

composition  series  is  obviously  <  2,  2  |  2  > 2 Cg D  D  E  ;  thus 
<  2,  2  |  2  >  has  dimension  4  and  the  corresponding  factor  groups  are  Cp 
(four  times). 


a  “a 

\&v  ■.  l-  3i. 

'  ‘■''••’V' . -• . ...  - 

.  ‘.v  ijq  sldBJ  &rfT 

k  :  ■  «  •  ■  y  ,  *  '  .ft  •'  ''  0  ...  <•  [>  ■ 
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Normal 
Subgroup  G 

Factor 

Group 

Realization  of  II  in 
<  2,2|2  >  with  G  0  H  =  E 

Semidirect 
G  §> 

Product 

H 

Gener¬ 

ators 

Struc - 

ture 

H=<  g,gl2  > 

Gener¬ 

ators 

Reason  why  none 

Definition 
of  (J 

Direct 

Product 

A 

co 

o 

C2 

B 

a(B)=A  -+  A9 

No 

A2 

c4 

D2 

- 

There  are  only  2 
elements  of  period 
2  not  cont.  in 

- 

- 

A* 

C2 

c2  11  C4 

- 

There  are  only  2 
elements  of  period 
2  not  cont.  in 

A* 

- 

- 

a\b 

D2 

- 

All  elements  of 
period  4  have 
square  in 

- 

- 

a2;b 

\ 

C2 

- 

All  elements 
of  period  2  are 
already  in  D^ 

- 

- 

(Conjugate  normal  subgroups  can  be  obtained  from  these  listed  in  the  table 
by  application  of  the  automorphism  A  AB,  B  ->B.) 


Automorphisms 

The  group  of  inner  automorphisms  is  generated  by  the  transformations 

C  Jl 

R(B  — >  B,  A  — ►  A'j  and  S(B  — >A  B,  A  — >A).  These  have  period  2  and  commute: 
thus  the  group  of  inner  automorphisms  is  D^.  The  transformation 
U(A  -*>  ,  B  — »B)  is  an  outer  automorphism  of  <  2,  2  |  2  >  that  commutes 

with  R  and  S  .  In  addition  <  2,  2  |  2  >  admits  an  outer  automorphism 
T(A  — >  AB,  B  ->B)  of  period  2,  We  note  that  T  ^RT  =  R,  T  ^ST  =  RS, 

T  UT  =  RU.  Thus  the  automorphism  group  is  of  order  16,  here  exhibited  as 
a  semidirect  product  (D^  x  C2^  @  C2  ' 


B  ' 


.".oc. 


■ 


0 


I.; 

a)# 
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Charac  ters 

From  the  count  of  classes  it  follows  that  <  2,  2  |  2  >  has 
8  one-dimensional  and  2  two-dimensional  representations.  We  obtain  by 
induction  from  Cg,  8  two-dimensional  representations^  of  these  8  are 
equivalent  to  others  and  are  irreducible,  and  the  remaining  4  reduce  to 
the  8  one-dimensional  representations.  The  reduced  characters  are  fully 
determined  by  the  group  multiplication  property  of  characters  of  one¬ 
dimensional  representations.  Thus  we  find  the  following  character  table. 


Class 


E 

A 

A2 

t? 

A* 

VO 

<3 

B 

AB 

A2B 

A^B 

Induced  from 
jth  represen 

tation  of  C 

Order 

1 

2 

1 

2 

1 

1 

2 

2 

2 

2 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

j  =  o 

1 

1 

1 

1 

1 

1 

1 

-1 

-1 

-1 

-1 

2 

1 

-1 

1 

-1 

1 

1 

1 

-1 

1 

-1 

<_j. 

ii 

3 

1 

-1 

1 

-1 

1 

1 

-1 

1 

-1 

1 

Represen¬ 

tation 

4 

1 

i 

-1 

-i 

1 

-1 

1 

i 

-1 

-i 

j  =  2 

5 

1 

i 

-1 

-i 

1 

-1 

-1 

-i 

1 

i 

6 

1 

-i 

-1 

i 

1 

-1 

1 

-i 

-1 

i 

j  =  6 

7 

1 

-i 

-1 

i 

1 

-1 

-1 

i 

1 

-i 

8 

2 

0 

2i 

0 

-2 

-2i 

0 

0 

0 

0 

j  =  (1,  5) 

9 

2 

0 

-2i 

0 

-2 

2i 

0 

0 

0 

0 

j  =  ( 3 ,  7) 

The  charac t 

er  group 

is 

just 

Ck  x 

C2 

where 

C4 

is 

generated  by  represen- 

tation  4  and  is  generated  by  representation  1,  The  representations 

2 

generated  by  1  and  2  (which  is  just  4  )  form  a  subgroup  of  the  character 
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group  containing  just  integer  representations.  This  subgroup  is  isomorphic 
to  D2  . 

Algebra  of  Representations 

For  the  one-dimensional  representations  we  have  already  indicated 
the  multiplication  table.  In  the  two-dimensional  representations  the 
results  are  in  the  following  table. 


Rep 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

8 

8 

8 

8 

8 

9 

9 

9 

9 

4s?5®63>7 

0®1<3»2©3 

9 

9 

9 

9 

9 

8 

8 

8 

8 

^5®6©7 

The  representation  0  is  even,  the  other  integer  representations 
are  neither  even  nor  odd.  The  group  is  multiplicity  free. 

C.  Group  <  -2,  4  |  2  >  B2  =  E  BAB  =  A5  Cg  ®  C2  <Kb)  =  (A  A5) 


Generators 

Classes 

> 

CD 

.  B2 

=  E 

Name 

E 

A 

2  i  4 

A  A 

t 

A? 

B 

AB 

Elements 

E 

A 

2  !  4 

PT  !  A^ 

P? 

2  4 

By  A  B,  A  B 

ab,  a?b 

P? 

pj 

a6b 

a5b,atb 

Order 

1 

2 

! 

2  1 

2 

4 

Period 

1 

8 

1 

4  1  2 

8 

2  1 

4 

We  notice  that  <  -2,  4,  2  >  is  not  ambivalent. 
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Normal  Subgroups 


Normal 
Subgroup  G 

Factor 

Group 

Realization  of  H  in 

<-2,  4|2  > 

Semidirect 

Product 

Gener¬ 

ators 

Struc¬ 

ture 

H.<^AJ,g  > 

Gener¬ 

ators 

Reason  why  none 

Definition 

cr 

of  Direct 
Product 

A 

C8 

C2 

B 

— 

A  — ►  A5 

- 

A2 

ck 

D2 

- 

All  elements  of 
period  2  are 
obtained  by  mult. 
B  by  Ck 

- 

c£ 

d4 

- 

All  elements  of^ 
period  4  have  A 
as  square 

- 

B,A2 

C2 

- 

■“H 

All  elements  of 
period  2  are  in 

D^  already 

- 

2 

AB,A 

Q2 

°2 

B 

AB  — >  A^B 

.2  .6 

A  — >  A 

The  center  is  just  the  subgroup  generated  by  A  .  The  commutator 

2 

subgroup  is  the  subgroup  generated  by  A  .  Notice  that,  as  compared 

with  <  2,  2  \  2  >  ,  the  center  and  the  commutator  subgroups  are  interchanged. 
A  composition  series  is  the  same  as  for  <  2,  2  |  2  >  ,  namely 
<-2,  4  |  2  >  ^  Cg  ^  5  Cg  5  E  *  thus  the  group  has  dimension  4  and  each 

factor  group  in  its  composition  series  is  . 

Automorphisms 

The  automorphisms  R(A  — >  pP ,  B  — >B),  S(A  ->  A^;  B  -»B)  which 
generate  the  automorphism  group  of  , 


are  also  automorphisms  of 


T 


;■  ■  ■'  j  .!'•■£>  i,  a  :,r, .■  .•  .. r.  ■ 

'  ;  1  ■  •  .  • 

^  f-,  i:  s-i:)  /  .  >  .  y-  '' 
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<-2,  4  |  2  >  (as  well  as  of  <  2,  2  \  2  >  or  Dg).  The  group  <-2,  4  |  2  > 

2 

also  admits  the  automorphism  T(A  ->  A,  B  ->  A  B)  of  period  4,  which  together 
with  S  generates  the  inner  automorphism  group  D^.  The  whole  automorphism 
group  is  thus  x  , 


Characters 

The  characters  are  readily  obtained  by  induction  from  C8’  C8 
has  five  orbits,  two  containing  a  single  representation  only.  These  self¬ 
conjugate  representations  yield  2-dimensional  reducible  representations  of 
<-2,  4  |  2  >  and  these,  on  reduction,  give  4  one-dimensional  representations. 
The  three  remaining  orbits  yield  two-dimensional  irreducible  representations. 
The  reduced  characters  are  fully  determined  by  the  group  multiplication 
property  of  characters  of  one-dimensional  representations.  Thus  we  obtain 
the  following  character  table. 


Represen¬ 

tation 


Class 


0 

1 

2 

3 

4 

5 

6 


E 

A 

A2 

A5 

B 

AB 

1 

2 

2 

1 

2 

4 

4 

Induced  by 
tation  of 

1 

1 

1 

1 

1 

1 

1 

o 

n 

■*-> 

1 

1 

1 

1 

1 

-1 

-1 

o 

II 

•>— 1 

1 

-1 

1 

1 

-1 

1 

-1 

j  =  4 

1 

-1 

1 

1 

-1 

-1 

1 

j  =  4 

2 

0 

-2 

2 

0 

0 

0 

j  =  (2,  6) 

2 

hi  2 

0 

-2 

OJ 

-a 

0 

0 

j  -  (1,  3) 

2 

-bJ2 

0 

-2 

<M 

*45 

0 

0 

j  =  (5,  7) 

'8 


■ 

:  l  .  . 

■-  i'  •  '  :  •>  i  . ' 


■ 


r 
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The  character  group  is  just  . 

Algebra  of  Representati  ons 

The  algebra  of  representations  for  the  two-dimensional  representations 
is  given  below, 

4 

5 

6 


The  group  is  thus  multiplicity  free.  The  Frobenius-Schur  invariant 
is  1  for  representations  0,  1,  2,  3>  4,  and  0  for  the  others.  Thus 
the  first  five  representations  are  integer.  The  representations  0,  2,  and 
3  are  even  and  representation  1  is  odd.  We  thus  have  a  multiplicity  free 
group  in  which  no  representations  are  both  even  and  odd.  However,  since 
<-2,  4  |  2  >  is  not  ambivalent  it  is  not  simply  reducible, 

D.  <  2,  2  |  4,  2  >  J  =  @  with  inverse  mapping. 

Generators 

4  4  -13 

A  =  B  =  E  B  AB  = 


0123  4  5  6 


4 

4 

4 

4 

0®l92®3 

5 

5 

6 

6 

5 #6 

2$3®4 

6 

6 

5 

3 

5 ©6 

0$>l$4  2#3®4 

Classes 


Name 

E 

A 

A2 

B 

B2 

B3 

AB 

CM 

3 

AB5 

2  2 
A^B 

Elements 

E 

A 

A2 

B 

B2 

B3 

AB 

AB2 

AB5 

2  2 
AB 

A* 

a2b 

a2b5 

A5B 

a5b2 

a3b3 

Order 

1 

2 

1 

2 

1 

2 

2 

2 

2 

1 

Period  of 
Elements 

1 

4 

2 

4 

2 

4 

4 

4 

4 

2 

K  5 


' 


'A 


ft . 


■,i: .  .  n.< 
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We  observe  that  J  is  not  ambivalent. 


Normal  Subgroups 


Normal 
Subgroup  G 

Factor 

Group 

Realization  of  H  in  J 
with  G  0  H  =  E 

Seroidirect 

Product 

Gener¬ 

ators 

Struc¬ 

ture 

-s 

Generators 

Definition 
of  0" 

A 

C4 

c4 

B 

(B):  A  ->  P? 

A2 

C2 

C2  x  Ch 

Not  enough  elements 
of  period  2  in  J 

- 

B2 

C2 

\ 

tl 

- 

B,A2 

C2xC4 

C2 

tt 

- 

b2,a2 

°2 

D2 

ft 

- 

A2  B2 

C2 

«2 

_ 

None 

- 

Conjugate  normal  subgroups  can  be  obtained  from  those  listed  in  the  table 
by  application  of  the  automorphism  (A  — ►  A,  B  ->AB). 

2  2 

The  center  is  clearly  the  subgroup  generated  by  B  and  A 

2 

and  is  D^.  The  commutator  subgroup  is  the  subgroup  generated  by  A  . 

A  composition  series  is  J  5  E  ,  with  repeated  factor 

groups  and  dimension  4  . 


, 


:  ■  '  ; 

r‘:  '  :  ,  '■  ..  :  !■;  ;  :  /  "  '  :  , 
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Automorphisms 

2 

The  group  of  inner  automorphisms  is  generated  by  C  (A  -*  A,  B  -+ A  B) 
and  Cg(A  -♦  A  ,  B  -»B)  and  is  hence  x  =  D^.  J  admits  many  outer 
automorphisms . 

Characters 

Eight  one-dimensional  representations  are  obtained  from  x 
by  induction  from  the  eight  self-conjugate  orbits.  The  two  orbits  containing 
two  representations  of  x  each,  induce  two  irreducible  inequivalent 
two-dimensional  representations.  The  following  character  table  is  obtained. 


E 

A 

A2 

B 

B2 

AB 

AB2 

AB5 

2  2 
AB 

Order 

1 

2 

1 

2 

1 

2 

2 

2 

2 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

1 

-1 

-1 

1 

-1 

1 

2 

1 

1 

1 

i 

-1 

-i 

i 

-1 

-i 

-1 

3 

1 

1 

1 

-i 

-1 

i 

-i 

-1 

+i 

-1 

Representation 

4 

1 

-1 

1 

1 

1 

1 

-1 

-1 

-1 

1 

5 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 

1 

6 

1 

-1 

1 

+i 

-1 

-i 

-i 

1 

+i 

-1 

7 

1 

-1 

1 

-i 

-1 

i 

i 

1 

-i 

-1 

8 

2 

0 

-2 

0 

2 

0 

0 

0 

0 

-2 

|  9 

2 

0 

-2 

0 

-2 

0 

0 

0 

0 

2 

1 

'  ;  I  ' 

1  "V.:  '  " 


M 
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Algebra  of  Representations 

Representations  0,  1,  4,  5  are  integer  as  is  representation 
8.  Representation  9  is  half-integer .  The  character  group  is  x 
generated  by  representations  2  and  4.  We  also  have 

(8) 2  =  0©1$4<©5 

(9) 2  =  0  $  1  $  4  $  5 

and  (8)  (9)  =  2  $  7  , 

Thus  J  is  multiplicity  free.  Representation  0  is  even,  representation 
1  is  odd  and  representations  4  and  5  are  both  even  and  odd. 

E.  Group  (4,  4  |  2,  2)  J  =  (C^  x  C^)  (G)  with  cr(R  ->  R^S2,  S  -*  R2S5) 

Generators 

R1  =  Sk  =  (RS)2  =  (R_1S)2  =  E 


Classes 


Name 

E 

R2 

s2 

2  2 

R  S 

RS 

R^S 

R 

S 

r3 

s5 

Elements 

E 

R2 

s2 

2  2 

R  S 

RS 

r5s 

R 

S 

r5 

S2 

R5S5 

RS5 

R^S2 

r2s5 

RS2 

r2s 

Order  of  Class 

1 

1 

1 

1 

2 

2 

2 

2 

2 

2 

Period 

1 

2 

2 

2 

2 

2 

4 

4 

4 

4 

[ 

The  group  J  =  (  4,  4  |  2,  2)  is  not  ambivalent. 


*i  y-  l 


. 
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Normal  Subgroups 


Normal  Subgroup  G 

Factor 

Group 

Realization  of  H  in  J 
with  G  n  H  =  E 

Sernidirect 
Produc  t 

Gener¬ 

ators 

Structure 

h-  i 

2 

R,S  or 

r2,s 

C2  x  C4 

C2 

RS 

3  2 

cr:  R  -*  R'^S 

2  3 

S  -*  R  S^ 

R2,  S2 

D2 

D2 

Not  enough  elements 
of  period  2 

- 

R2  or 

s2 

C2 

Not  enough  elements 
of  period  2 

- 

2  2 

R  S 

C2 

C2  x  C4 

- 

- 

2  2 
RS,R  S 

D2 

D2 

“ 

2  2 
RS,R  ,S 

C2xC2xC2 

°2 

“ 

_ 

2  2 

The  center  is  the  subgroup  generated  by  the  elements  R  and  S 

2  2 

The  commutator  subgroup  is  generated  by  the  element  S  R 

A  composition  series  is  J  2  x  >  E  with  repeated 

factor  groups  and  dimension  4. 

Automorphisms 

2  3 

The  inner  automorphism  group  is  generated  by  CR  (R  -*  R,  S  -+  R  S'  ) 

3  2 

and  the  element  C  (R  -* R^S  ,  S  — > S)  which  commute  and  are  each  of  period 
2.  Hence  the  group  of  inner  automorphisms  is  D^. 
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The  group  J  also  admits  the  outer  automorphisms; 

T  :  R  — ►  R5  ,  S  — *•  S 

U  :  R  — >  R  ,  S  -> 

V  :  R  ->  S  ,  S  ->  R 

where  we  see  that  V  ^  TV  =  U  . 

Characters 

The  representations  are  easily  obtained  by  induction  from  x  C^, 
There  are  4  orbits  containing  only  one  representation  each,  and  these  induce 
eight  one-dimensional  inequivalent  representations  of  J  .  The  two  orbits 
each  containing  two  representations  of  x  induce  two  inequivalent 

irreducible  two-dimensional  representations  of  J  ,  The  character  group  is 
again  x  as  it  was  for  the  previous  group  (g)  . 

The  character  table  follows  on  the  next  page. 

Algebra  of  Representations 

In  addition  to  the  relations  of  the  character  group  we  have 
8  ®  8  =  9  ^  9  =  0  $  1  $  2  $  3  ,  8<2>9  =  4$5®6®7  .  The  group  (4,  4  |  2,  2) 
is  therefore  multiplicity  free.  Furthermore,  representations  0,  1,  2,  3;  8, 
and  9  are  integer  and  since  we  have  8^8  =  3  and  9  ®  9  =  1  >  we  find  that 
representations  0  and  2  are  even  and  representations  1  and  3  are  both  even 
and  odd.  The  symbol  A  denotes  the  antisymmetrized  square  of  a  representation. 
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Class 


Representation 


Generators 


E 

R 

S 

R2 

s2 

r3 

RS 

R^S 

2  2 
RS 

1 

2 

2 

1 

1 

2 

2 

2 

2 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

1 

1 

1 

-1 

-1 

-1 

1 

2 

1 

-1 

-1 

1 

1 

-1 

-1 

1 

1 

1 

3 

1 

-1 

1 

1 

1 

-1 

1 

-1 

-1 

1 

4 

1 

i 

-i 

-1 

-1 

-i 

i 

1 

-1 

1 

5 

1 

i 

i 

-1 

-1 

-i 

-i 

-1 

1 

1 

6 

1 

-i 

i 

-1 

-1 

i 

-i 

1 

-1 

1 

7 

1 

-i 

-i 

-1 

-1 

i 

i 

-1 

1 

1 

8 

2 

0 

0 

2 

-2 

0 

0 

0 

0 

-2 

9 

2 

0 

0 

-2 

2 

0 

0 

0 

0 

-2 

name ) 

Order 

15 

R2 

=  S2 

T2  = 

E 

RST 

STR 

=  TRS 

Semi-direct  Decomposition 

There  is  a  semi-direct  decomposition  (C^  x  C^)©  ,  where 

x  is  generated  by  the  element  RST  of  period  4  and  the  element  R 
of  period  2,  The  mapping  cr  is  given  by; 

R-+TRT  =  S_1(R)S  =  T’1RT 

=  s_:l(rst)s  =  t"1(rst)t  . 


RST  ->  RST 


U6 


Hence  the  second  group  is  generated  by  S  or  by  T  . 

Classes 


Name 

E 

R 

S 

T 

(rst)2 

RS 

ST 

TR 

RST 

RTS 

Elements 

E 

R 

S 

T 

(rst)2 

RS 

ST 

TR 

RST 

RTS 

TRT 

RSR 

STS 

SR 

TS 

RT 

Order 

1 

2 

2 

2 

1 

2 

2 

2 

1 

1 

Period 

1 

2 

2 

2 

2 

4 

4 

4 

4 

4 

The  group  is  not  ambivalent. 


Normal  Subgroups 


Normal 

G 

Subgroup 

Factor 

Group 

Realiz¬ 

ation 

Seroidirect 

Product 

Gener¬ 

ators 

Struc¬ 

ture 

H'  5 

Definition 
of  cr 

RST 

D2 

- 

(rst)2 

C2 

D2  X  C2 

R,RST 

S  or  T 

R  ->  TRT 

or 

T,  RST 

c4  x  C2 

°2 

S  or  R 

RST— > RST 

/  T  ->  STS  \ 

S,  RST 

t 

R  or  T 

^  S  -*■  RSR  /  j 

' 


8 


«  '  ->:■  «  ■  it  Si  q  ■: ;  ■  .1  Tg  :•  jfr 


' 


v  .  ■  ■  -  .  r  ' 


TS$ 


U 

7  C- 
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The  center  of  J  is  clearly  the  subgroup  generated  by  RST„  The 

2 

commutator  subgroup  is  generated  by  (RST)  .  A  composition  series 

for  J  is  given  by  J  3  x  O  Cj^  D  ^  E  ;  with  repeated  factor 
groups  C,p  and  dimension  4. 


Automorphisms 

The  group  of  inner  automorphisms  is  the  group  ,  generated  by 

A  (conjugation  by  R)  and  B  (conjugation  by  S  or  T)  with  the  property 
AB  =  BA  . 


Outer  automorphisms  can  be  obtained  by  cyclic  permutations  of  the 
generators  R,  S,  and  T.  Thus  we  have  the  automorphism  U(R  — >  S,  S  — *  T,  T  -*R) 
of  period  3. 


Another  automorphism  is  given  by 

V  ~  UV  =  U  *  .  Thus  U  and  V  generate 

morphism  group  of  J  is  then  D0  cf)  S 

<=■  5 


V(R  S,  S  -*  R)  where 

D,  or  S  „  The  total  auto- 
D  5 

■  ,  where  a  is  defined  by 


if1  AU  =  B  ,  U_1BU  =  AB  ,  V"1AV  =  B 


Characters 

From  four  self-conjugate  representations  of  x  we  obtain, 
by  induction,  eight  inequivalent  one-dimensional,  representations  of  J  , 

Two  two-dimensional  irreducible  representations  are  obtained  from  the  double 
orbits  of  x  Cg  ,  The  following  character  table  is  then  obtained. 


'(4 

■ 

- 

■ 


■ 


Ii8  - 


Order 


Representation 


pop 

The  character  group  is  just  x  x  defined  by  (l)  =  (2)  =  (4)  =  E  (all 

commuting),  Representations  0,  1,  2 ,  6  and  "(  are  all  integer. 

Algebra  of  Representations 

In  addition  to  the  relations  of  the  character  group  x  x  , 
we  have  the  relations 

(8)2  =  (9)2  =  ^<P5®6®7  ,  and 

8®9  =  0s>1^2<£)3  . 

Thus  the  group  is  multiplicity  free.  The  identity  representation  is  even; 
the  others  are  neither  even  nor  odd. 


Class 


E 

R 

s 

T 

(rst)2 

RS 

ST 

TR 

RST 

RTS 

1 

2 

2 

2 

1 

2 

2 

2 

1 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

-1 

1 

-1 

1 

-1 

1 

1 

2 

1 

-1 

1 

-1 

1 

-1 

-1 

1 

1 

1 

1 

3 

1 

-1 

-1 

1 

1 

1 

-1 

-1 

1 

1 

k 

1 

1 

1 

-1 

1 

1 

-1 

-1 

-1 

-1 

*=; 

1 

1 

-1 

1 

1 

-1 

-1 

1 

-1 

-1 

i 

6 

1 

-1 

1 

1 

1 

-1 

1 

-1 

-1 

-1 

7 

1 

-1 

-1 

-1 

1 

1 

1 

1 

-1 

-1 

8 

2 

0 

0 

0 

-2 

0 

0 

0 

2i 

-2i 

9 

2 

0 

0 

0 

-2 

0 

0 

0 

-2i 

2i 

-  - 


G.  Group  (3,  3,  3,  2)  J  =  (C,  x  C^)  @  C2  a :  RS  — ►  SR  Order  16 


Generators 


R2  =  S2  =  T2  =  (RST)2  =  (RS)5  =  (RT)5  =  E 


Classes 


Name 


Elements 


Order 


Period 


E 

RS 

RT 

ST 

RSTS 

R 

E 

RS 

RT 

ST 

RSTS 

R ,  S ,  T, 

RST, 

RTS 

RS 

TR 

TS 

RSRT 

RST,  RSR, 

RTR, 

STS 

1 

2 

2 

2 

2 

9 

1 

3 

3 

3 

3 

2 

We  see  that  J  is  ambivalent. 


Normal  Subgroups 


Normal 

Subgroup 

Factor 

Realiz- 

Semidirect 

G 

Group 

ation 

Product 

Gener- 

Struc- 

H  -  1 

Definition 

ators 

ture 

of  cr 

RS 

RT,  T 

RS  ->  SR 

or 

C3 

D3 

RT 

RS,  S 

RT  -»  TR 

ST 

SR,  R 

ST  — >  TS 

RS,  RT 

RS  ->  SR 

or 

RT  -»  TR 

RS,  ST 
or 

3  3 

°2 

R,  S,  or  T 

RS  ->  SR 

ST  ->  TS 

E- 

C/5 

£ 

PC 

RT  ->  TR 

ST  ->  TS 

RSTS 

C3 

D, 

3 

L . .  — . .  — — 

RT,  S 

I 

, 


/ » ? 


■;  \'v  :• i  ;  r  1 


m 
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*■ 


X  X 


When  RS  generates 
by  RT,  S,  or  by  RT, 

When  RSTS  generates 


we  can  have  D  generated  by 

3 

and  similarly  for  the  others, 
,  the  same  holds  as  for  ac-  . 


RT,  T, 


The  center  of  J  is  just  the  identity  and  the  commutator  subgroup 


is  generated  by  PS  and  PT  and  is  therefore  C_  x  C,  .  The  composition 

3  3 

series  for  J  is  given  by  J  D  C,  X  C_  3  C,  o  E  which  has  factor  groups 

3  3  3 

C0,  C_,  and  C_  and  has  dimension  3. 

2  3  3 


Automorphisms 

The  group  of  inner  automorphisms  is  generated  by  A  (conjugation 
by  R),  B  (conjugation  by  S),  and  C  (conjugation  by  T).  Since  we  also 

2  "Z  "Z 

have  (ABC)  =  (AB)^  =  {key  =  E  we  see  that  the  group  of  inner  automorphisms 
is  just  J  =  (3,  3,  3>  2)  itself.  There  are  also  several  outer  automorphisms. 


Characters 

The  characters  can  be  obtained  from  C,  x  C_  by  induction.  C_  x  C, 

3  3  3  3 

has  five  orbits,  four  of  which  induce  inequivalent  irreducible  two-dimensional 

representations  of  J  ,  the  remaining  orbit  inducing  two  inequivalent  one¬ 
dimensional  representations.  The  character  table  is  thus  as  follows  on  the 
next  page. 


Algebra  of  Representations 

The  character  group  is  obviously  C^  ,  We  also  have  the  following 


relations: 


(2)  =0+1  +  2  203  =  ^5  3®5=2($>4 

(3) 2  =  0  «  1  ®  3  2(g>4  =  3©5  4®5  =  2(93 

(4) 2  =  0  |)  1  f  4  2  <£>  5  =  3  ©  *»■ 

(5) 2  =  0  $)  1  +  5  3  <g>  4  =  2  ©  3 


21 '  .  :  i 


•  -  ■ 

51 


The  group  (3;  J),  3?  2)  is  both  ambivalent  and  multiplicity 
free  and  is  therefore  simply  reducible.  All  representations  are  integer 
and  even  except  for  which  is  odd. 


Order 


Representation 


E 

R 

RS 

RT 

ST 

RSTS 

1 

9 

2 

2 

2 

2 

0 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

1 

1 

1 

1 

2 

2 

0 

2 

-1 

-1 

-1 

3 

2 

0 

-1 

2 

-1 

-1 

4 

2 

0 

-1 

-1 

2 

-1 

5 

2 

0 

-1 

-1 

-1 

2 

H.  Group  K-metacyclic 


Order  20 


^  <S>  C) 


Generators 


Classes 


S? 

=  T*  = 

E  T"1  ST 

11 

in 

r 0 

Name 

E 

T 

T2 

t3 

S 

Elements 

E 

T,  ST, ST 

t2,st2,s2t2 

T5, ST5, S2T5 

s  ,s2 

~  it 

S-%  S  T 

5  2  4  2 
S-TT,  S  T 

s5t5,s\5 

s5,s4 

Order 

1 

5 

y 

5 

5 

4 

Period 

1 

4 

2 

4 

5 

The  group  is  not  ambivalent. 


Normal  Subgroups 


Normal  Subgroup 

G 

Factor 

Group 

Realization 

Semidirect 

Product 

Gener¬ 

ators 

Struc¬ 

ture 

H  =  J/G 

Definition 
of  O' 

S 

C5 

C4 

T 

2 

S  ->  S 

2 

S,  T 

C5  ®  C2 

C2 

- 

- 

The  center  of  J  is  clearly  the  identity  only  and  the  commutator 


subgroup  is  just  C_  generated  by  S 
which  has  factor  groups  and 


.  The  composition  series  is 
and  has  dimension  2. 


J  :> 


C 

5 


Automorphisms 

2 

The  group  of  inner  automorphisms  is  generated  by  A(S->S,T->T) 
and  B(S  ->  S,  T  ->ST).  We  have  the  relations  A^  =  =  E  A  ^BA  =  B^  . 

Hence  the  group  of  automorphisms  is  just  C  ©  C,  and  is  isomorphic  to  J. 

There  is  also  an  outer  automorphism  C(T  ->T^)  so  that  the  group 
of  all  automorphisms  is  (Cj_  (3)  C^)  x  (since  C  commutes  with  A  and  B), 

Characters 


The  character  table  can  be  obtained  by  induction  from  C_.  C_ 

5  2 

has  two  orbits,  the  orbit  of  order  4  inducing  an  irreducible  four-dimensional 
representation  of  J,  and  the  trivial  representation  of  C^_  induces  four 
inequivalent  one-dimensional  representations.  The  following  character  table 


is  obtained. 


'  - 


' 


■  i*  -  <?  ow  .  . ;  tj«o*r§  a  .f  arn:s»H 

■  - 

;  f  '  p'f  ...ee  iAl  d&  :i&r i 

■ 

"...  ■  ,  .  ...•.■■■■■•.■■ 

■■  i  "  «  ,  j:  id  i  w .rj s ■ ; 

:.so  E 
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Order 


Representation 


2  5 

E  T  S  T  Ty 


15455 

0 

lllll 

1 

1-1  ll-l 

2 

1  i  1  -1  -i 

3 

1  -i  1-1  i 

4 

-f=" 

O 

1 

t— * 

O 

O 

Algebra  of  Representations 

The  group  cannot  be  multiplicity 
Representations  0,  1  and  4  are  integer 
even,  representations  2  and  3  are  odd, 
and  odd, 

I.  Group  ZS  roetacyclic  Order  21  J 

Generators 

S7  =  T5  =  E  T"1 


2 

free  since  (4)  =  0$  1  $  2  ©3  ®  3(4). 

representations  0  and  1  are 
and  representation  4  is  both  even 

=  c?  ©  c3  ct  :  (S  ^S2) 

2 

ST  =  S 


Classes 


Name 

E 

S 

T 

T2 

Elements 

E 

S 

S5 

t,st,s2t,s5t 

t2,st2,  s2t2,  sV 

2  4 

S  S 

s5  s6 

S^T, S^T, S^T 

S^T2, S^T2, S^T2 

Order 

1 

3 

3 

7 

7 

Period 

1 

7 

7 

3 

3 

'  ' 

’  '  I  •  ’ 

:  '•  '  ■  ■  :•  :  y  ■  v'  '  ■ '  7  7  ’V> 

J:: 


.  t 


&  3;  turns  £$? 

x>1t  . / 
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The  group  is  clearly  not  ambivalent. 

Normal  Subgroups 

There  is  only  one  non- trivial  subgroup,  and  it  is  generated  by 
S  and  is  thus  C^,,  The  semidirect  decomposition  is  thus  C^,  @  with 

o-  :  (s  ->s2). 

The  center  of  the  group  is  just  the  identity  and  the  commutator 
subgroup  is  generated  by  S.  The  composition  series  is  J  D  3  E 

which  has  factor  groups  and  and  has  dimension  2. 

Automorphisms 

2 

The  inner  automorphism  group  is  generated  by  A(S— >S,T-»T) 
and  by  B(S  — ►  S,  T  — > S  T),  We  have  the  relations  A^  =  B  =  E,  A  BA  =  B  , 
which  defines  (g)  and  is  equivalent  to  J  .  There  are  several  outer 

automorphisms . 


Characters 


The  character  table  can  be  obtained  by  induction  from  which 

has  three  orbits  relative  to  J  .  The  two  orbits  of  each  containing 

three  representations,  induce  two  inequivalent  three-dimensional  representations 
of  J  ,  The  trivial  representation  of  C^,  which  is,  of  course,  self -con jugate, 
induces  three  inequivalent  one-dimensional  representations  of  J  . 

The  character  table  is  then  as  follows. 


/  ! 

,  ■ 

■ 

- 


1  ’  ■  ■  "  ,■  ,V '  .0  :  ;'I 

- 


Order 


55 


Represen 

tation 


c  =  e 


-6*i A  +  e2ltiA  +  ^A 


-1  +  n/71 

2 


=  ArtiA 


d  =  e 


Algebra  of  Representations 

Only  the  identity  representation  is  integer. 

is  just  C_,  The  group  is  also  not  multiplicity  free. 
3 

is  even.  We  have 


The  character  group 
Representation  0 


(3) 2  =  (3)  S  2(4) 

(4) 2  =  (4)  ©2(3) 

(3)(i0  =  Oc$l£)2®3(£>4. 


J.  Group  <  h,  6/2,  2  > 


(C-  x 
o 


Cg)  © 


cr : 


R2S~ 


Generators 


R4  =  S°  =  (RS)2  =  (R"1S)2  =  E 


f 

•:V. ■  .  '•! 


■ 


Classes 
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Name 

E 

R2 

S 

CVJ 

in 

S5 

S5 

2  2 

R  S 

R 

RS 

Elements 

E 

R2 

S 

s2 

S3 

s? 

2  2 

R  s 

2  4~ 

R,RS  ,RS 

RS,RS5,RS5 

rV 

s4 

r2s? 

r2s 

2  4 

R  S 

3  3  2  3  4 

R-^R'  S  ;R-7S 

R5S;R5S'7;,R3Sr' 

Order 

1 

1 

2 

2 

2 

2 

2 

/" 

o 

6 

Period 

1 

2 

6 

3 

2 

6 

6 

4 

2 

The  group  is  not  ambivalent. 


Normal  Subgroups 


Normal  Subgroup 

G 

Factor 

Group 

Realiz¬ 

ation 

Semidirect 

Product 

Gener¬ 

ators 

Struc¬ 

ture 

H=J/G 

Definition 
of  (J 

R2 

C2 

C6©C2 

- 

- 

r2,s 

C6  x  C2 

°2 

RS 

s  ->  r2s* 

R,S2 

c3@  c4 

C2 

- 

- 

s2 

C3 

C2®C4 

- 

- 

r2,s2 

C3  x  C2 

D2 

J 

- 

- 

The  center  of  J  is  generated  by  R  .  The  commutator 

2  2 

subgroup  is  the  subgroup  generated  by  R  and  S  and  is  therefore  C3  x  C^c 
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A  composition  series  for  J  is  J  DC-  x  C.  O  C/  DC,  DE  with  composition 

o  d  b  3 

factor  groups  C  ,  C  ,  C  ,  and  dimension  4.  Note  that  we  could  also 

d  d  d  5 

have  J  3  x  ZD  C^  3  ~D  E  with  composition  factor  groups  C^,  C^, 

C ,  C_  .  This  illustrates  the  Jordan-Holder  theorem  that  the  length  of 
all  composition  series  is  the  same  and  that  the  factor  groups  of  the  two 
composition  series  are  isomorphic  in  some  order. 


Automorphisms . 

The  inner  automorphism  group  is  generated  by  A(R  — >  R,  S  ->  R  S'"), 

p  "X 

B(R  — ►  RS  ,  S  — > S)  ,  C(R  — *  R  ,  S  — > S).  We  obtain  the  relations 
2^0  - 1  2 

A  =  B^  =  C  =  E  A  BA  =  B  AC  =  CA;  CB  =  BC,  and  hence  the  inner 
automorphism  group  is  @  . 


Characters . 

The  normal  subgroup  C^  x  C0  of  J  has  seven  orbits  relative  to 

o  d 

J  ,  five  of  order  two  and  two  of  order  one.  The  five  orbits  of  order  two 
each  induce  an  irreducible  two-dimensional  representation  of  J  and  the  two 
self-con jugate  representations  each  induce  two  one-dimensional  representations. 
The  character  table  is  as  follows  on  the  next  page. 


Algebra  of  Representations. 

The  character  group  is  ,  All  representations  with  real 

characters  are  integer.  The  multiplication  table  for  the  algebra  of 
representations  is  as  follows. 
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Order 


Represen¬ 

tation 


Character  Table 

2  3  ^  2  2  2 

E  S  S  S''  S'  R  R  RS  R  S 


Algebra  of  Representations 

roi23  4  5  6  7  8 
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The  group  is  multiplicity  free.  r^,  Fy  F^  are  even, 
rL  is  both  even  and  odd. 


is  odd  and 


K.  Group  <  -2,  2,  3  >  S2  =  T2  =  (ST)5 


Generators 

S8  =  T8  =  E  (ST)12  =  E 


Classes 


Name 

E 

s2 

sk 

S8 

S^T 

S^T 

ST 

S5T 

S 

s5 

S5 

s'? 

Elements 

E 

s2 

sk 

S° 

S^T 

s5t 

ST 

S^T 

S  T^ 

s3  t7 

S^  T 

s7  t3 

TS^ 

TS5 

TS 

TS5 

tstt 

TST 

ts3t 

TS5t 

Order 

1 

1 

1 

1 

2 

2 

2 

2 

3 

3 

3 

3 

Period 

1 

4 

2 

4 

3 

3 

12 

12 

8 

8 

8 

8 

J  is  not  ambivalent. 


Normal  Subgroups 


There  is  a  normal  subgroup  generated  by  ST.  The  factor 

group  of  is  just  Cv,,  ^ut  there  are  no  other  elements  of  period  2  in 

J  so  that  there  is  no  semidirect  decomposition  J  =  .  There  are 

2 

several  normal  subgroups  in  ;  the  center  being  generated  by  S  is 

3 

just  ,  and  the  commutator  subgroup  is  just  generated  by  ST  .  A 

composition  series  for  J  is  J  O  C10  O  O  E  or  JO  O  CJ(  O  Cr 


12  6  3 


where  the  factor  groups  are  C^,  C^,  C^,  for  both  series,  in  some  order 


O  E, 


and  the  dimension  is  4. 


■  : 


!.;■  ,  :r-;  j  '  , 1  v"  1 


;  r 


•  ■:  ■  •  » 

■  i 1 "  •>*■'  .  .  H  ..  :  i  on  ,  -:»•••  .. :  if  3  Q(  t 
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Automorphisms 

<5  K 

The  group  of  inner  automorphisms  is  generated  by  A(S  T  — >  S'  ) 

of  period  2,  and  B(S  ->  TS^T,  T  — >T)  to  yield  the  elements  A,  B,  AB,  BA, 

BAB  and  E  ,  which  is  just  ,  The  group  J  also  admits  several  outer 

automorphisms , 

Characters 

The  twelve  representations  of  J  can  be  induced  from  .  C^g 

has  eight  orbits  relative  to  J  ,  four  of  which  each  induce  one  irreducible 
two-dimensional  representation,  and  the  other  four  each  inducing  two  one¬ 


dimensional  representations  of  J  .  The  character  table  is  then  as  follows. 

Class 


E 

S 

s2 

S3 

s4 

rc 

S' 

s° 

CO 

ST 

s5t 

*5 

S'  T 

7 

S  T 

Order 

1 

3 

1 

3 

1 

3 

1 

3 

2 

2 

2 

2 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 

1 

1 

1 

2 

1 

J 

-i 

CO 

-1 

* 

CO 

i 

*3 

(0 

i 

1 

-i 

-1 

3 

1 

go* 

-i 

*3 

U) 

-1 

3 

(O' 

i 

(0 

i 

1 

-i 

-1 

b 

1 

i 

-1 

-i 

1 

i 

-1 

-  i 

-1 

1 

-1 

1  ! 

Represen¬ 

tation 

5 

1 

-i 

-1 

i 

1 

-i 

-1 

i 

-1 

1 

-1 

1 

6 

1 

U) 

i 

J 

-1 

co*5 

-i 

* 

OJ 

-i 

1 

i 

-1  ; 

7 

1 

uh5 

i 

CO* 

-1 

(0 

-i 

J 

-i 

1 

i 

-i  ! 

8 

2 

0 

-2 

0 

2 

0 

-2 

0 

1 

-1 

1 

-i 

9 

2 

0 

2 

0 

2 

0 

2 

0 

-1 

-1 

-1 

i 

-i  j 

jtiA 

10 

2 

0 

2i 

0 

-2 

0 

-2i 

0 

i 

-1 

-i 

i 

1  i 

li 

2 

0 

-2i 

0 

-2 

0 

2i 

0 

-i 

-1 

i 

i 

t 

l 

. 

'  ■>  'U:<\  l  _  ..  v'" 

i  1  '  1  ‘  : 

i  vi  . '  .  •  >  u 


’■  w’! 

-  S  if  ,r  1  ..  1  :  /  ,  ;; < 

: 

■ 


. . . 
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Algebra  of  Representations 

The  integer  representations  are  0,  1,  and  9.  Representation 
8  is  half-integer . 

The  character  group  is  x  generated  by  representations  6 

and  1, 

Representation  0  is  even  and  representation  1  is  odd. 
Representation  9  is  both  even  and  odd.  The  algebra  of  representations  is 
as  follows  for  the  two-dimensional  representations. 

Represen- 


tation 

0 

l 

2 

3 

k 

3 

6 

7 

8 

9 

10  11 

8 

8 

8 

10 

10 

9 

9 

11 

11 

0$>1<j>9 

9 

9 

9 

11 

ll 

8 

8 

10 

10 

4©5©8 

0$1®9 

10 

10 

10 

9 

9 

11 

11 

8 

8 

2®3®11 

6©7®10 

ll 

ll 

11 

8 

8 

10 

10 

9 

9 

6<&7<&10 

2©3©ll 

0®1$9  Wp© 8 

L.  Group  <2,  3,  3  >  binary  tetrahedral 


Generators 


t?  =  E  BAB  =  ABA 


(14) 


are 


Two  other  definitions  for  this  group  listed  in  Coxeter  and  Moser 

R3  =  S3  =  (RS)2 
S3  =  T2,  (S^T)3  =  E  . 


and 


"  ■  0  '■  -■  '  ' 

u-i/i  ,  O 


■■  ' .  .  .  v.  ' '!  9/:  ;  •  ,  ■ 


••  ■  ■ 

..  I 

• 

■V: 

***•  •  t '  ■ 

■ 

l 

i 

... 


1  r'f:  :--v7s;:r.-.>  !->^3  ■  '  ■  !'  i  -•  .r-.i:  •=  i  i;* 


i.rl“oy  ,S.  B 
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Classes 


Name 

E 

(a2b)2 

A 

A2 

AB 

2  2 
AB 

AB2 

Elements 

E 

(a2b)2 

A,  B 

A2, 

AB,  BA 

2  2  2  2 

A  B  ,B  A 

ab2,b2a,a2b2a2 

2  2 

ABA  , A  BA 

ab2a2,a2b2a 

2  2  2 
A^BA  ,B  AB 

2  2 

AB  A,BA  B 

ba2,a2b,aba, 

Order 

1 

1 

4 

4 

4 

4 

6 

Period 

1 

2 

3 

3 

6 

6 

4 

The  group  is  not  ambivalent . 


Normal  Subgroups 

2 

There  is  a  normal  subgroup  Qg  generated  by  A  B  and  ABA  so 

2  2  2  2  2 

that  (A  B)  =  (A  B  ABA)  .  This  is  also  the  commutator  subgroup.  The  center 

2  2 

is  generated  by  (A  B)  and  is  just  Cg,  The  composition  series  for  J  is 
J  ^  Qg  °  Cg  ^  E  with  composition  factor  groups  C y  C^,  and  Cg  and  dimension 

3. 


Automorphisms 

The  group  of  inner  automorphisms  is  of  order  12  and  is  generated  by 

p 

R(A  -»B,  B  -»  A)  and  by  S(A  -*  ABA  ,  B  —►B).  We  have  the  relations 
2  3/3 

R  =  =  (RS)^  =  E  .  The  group  of  inner  automorphisms  is  thus  A^  .  Since 

there  are  also  several  outer  automorphisms,  the  group  is  not  complete. 


Characters 

The  characters  can  be  obtained  by  induction  from  Qg.  The  trivial 
representation  of  Qg  induces  three  one-dimensional  representations  of  J  . 
Representations  l1,  1^  and  lg  of  Qg  induce  an  irreducible  three- 
dimensional  representation  of  J  and  the  representation  of  Q0  induces 


-  ‘  ril  qUOTtf  r,..-. T 


■  •'  >0.i,  ‘,AS<sn's 

... 


'  ( 


•  •  .  •*•«*■,  . .  .  ..  . 

■  , 


•  ■"  .  O'.  .  "  I,  .  Us.  A !  tj  J;  3  r)  , 


■■■  : . ’  :  ihj  ’Jo  su i  rsu:,  ^/y'rrr/y  a<lT 

r  ,m  ujhb  , !.  .  lo  }v.,:,  1  ,  'I  ,,  :,o  >  1 
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three  inequivalent,  irreducible  two -dimensional  representations  of  .7. 
The  character  table  is  then  as  follows. 


2n  i/6  ni/3 
w  =  e  '  =e  > 

=  \  +  i*s/  3/2 


The  character  group  is,  of  course,  C. 


Algebra  of  Representations 

Representations  0  and  6  are  integer  and  representation  5 
is  half-integer.  The  multiplication  table  for  the  representations  is  as 
follows . 


Representation 


0 

1 

2 

3 

4 

5 

6 

3 

3 

5 

7 

1*6 

b 

b 

3 

5 

C$6 

23>6 

5 

5 

b 

3 

2®6 

1®6 

0$6 

6 

6 

6 

6 

3®^ 

0©1®2®2(6) 

■  • 


The  group  is  not  multiplicity  free.  Representation  0,  1  and 


2  ar«.  even,  and  representation  6  is  both  even  and  odd. 


M.  Group  (3,  3/5,  3)  C9  <§>  a,  (S-S7)  Order  27 

Generators 

T5  =  E  T_1ST  =  S“2  .  This  implies  S9  =  E  . 


Classes 


Name 

E 

q3 

s 

s6 

T 

T2 

s 

s2 

TS 

2 

TS 

2 

T  S 

2  2 

T  S 

Elements 

E 

s-' 

T  ,TS5 

t2,t2s5 

s,  sh 

shs? 

4 

TS,  TS 

ts2,ts5 

2  4 

T  S,T' S ' 

t2s2,t2s^' 

TS6 

t2s6 

S? 

s8 

TS7 

TS8 

X2ST 

i2s8 

Order 

1 

l 

l 

3 

3 

3 

3 

3 

3 

* 

J 

Period 

1 

3 

3 

3 

3 

9 

9 

9 

9 

9 

9 

Normal  Subgroups 


There  is  a  normal  subgroup  generated  by  S  .  This  group  admits 

7 

the  automorphism  S  —►S'  of  period  so  that  we  can  form  J  =  @  C_,  . 

The  center  of  the  group  and  the  commutator  subgroup  are  C,  generated  by 

5 

3 

S*'  .  The  composition  series  for  J  is  J  ^  C  C,  O  E  ,  with  composition 

9  3 

factor  groups  C_  and  dimension  3  .  J  is,  of  course,  solvable. 

3 


Automorphisms 

J 

The  group  of  inner  automorphisms  is  generated  by  cr(S-»S,T-»T) 
and  A(S  —► S,  T  — > TS^)  and  is  just  C  x  C  .  There  are  outer  automorphisms 

3  3 

S  Q  O 

B(S  — > S  ,  T  — »T)  where  B“~  =  o  ,  and  C(S  — > S,  T  — > T  ),  and  others. 
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Characters 

The  characters  can  be  induced  from  C_.  C  has  five  orbits,  two 

9  9 

of  which  contain  three  irreducible  representations  and  this  each  induce 
one  irreducible  representation  of  J.  The  three  orbits  each  containing  a 
self-conjugate  representation  each  induce  three  one-dimensional  representa¬ 
tions  of  J.  The  character  table  is  as  follows. 


Class 


Representation 


E 

T 

T2 

S5 

s6 

s 

s2 

TS 

p 

TS 

2 

TS 

2  2 
T  S 

1 

3 

3 

1 

1 

3 

3 

3 

3 

3 

3 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

CO 

* 

(0 

(0 

* 

(0 

(0 

* 

(0 

2 

1 

1 

1 

1 

1 

* 

(0 

(0 

* 

(0 

(0 

* 

(0 

(0 

3 

1 

CO 

* 

CO 

1 

1 

1 

1 

(0 

CO 

* 

(0 

* 

(0 

4 

1 

co 

* 

CO 

1 

1 

(0 

* 

CO 

* 

CO 

1 

1 

(0 

5 

1 

CO 

* 

CO 

1 

1 

* 

CO 

CO 

1 

* 

CO 

CO 

1 

6 

1 

* 

CO 

CO 

1 

1 

1 

1 

* 

(0 

* 

(0 

CO 

CO 

7 

1 

* 

CO 

CO 

1 

1 

(0 

* 

CO 

1 

CO 

CO* 

1 

8 

1 

* 

CO 

CO 

1 

1 

* 

CO 

CO 

(0 

1 

1 

* 

CO 

9 

3 

0 

0 

3co 

* 

3co 

0 

0 

0 

0 

0 

0 

10 

3 

0 

0 

,  * 
3co 

3  (o 

0 

0 

0 

0 

0 

0 

co  = 


•1  +  i  \/~5 

2 


Algebra  of  Representations 

Representation  0  is  integer  and  even.  All  others  have  complex 

character  and  are  neither  even  nor  odd.  The  character  group  is  C  x  C 

3  3 


generated  by  representations  4  and  5.  We  have  also  the  relations 


■  '  ■'  ■  .  ■  r  , 

'  ■■■•  '  .  •  '  :  :■ ;  , .  ■■■ 


C 


’  &  -  ?  C‘;  ' 
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(9)2  =  3(10) 

(10)2  =  3(9) 

and  (9)(10)  =  0  $  1$  30  ...  ©  7  <$  8  . 

The  group  (3>3/3>3)  Is  therefore  not  multiplicity  free. 
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CHAPTER  4 

INDUCTION  OF  REPRESENTATIONS  FOR  THE  DIRECT  AND  SEMIDIRECT  PRODUCTS 


In  this  chapter  we  shall  prove  some  of  the  theorems  upon  which  the 
work  in  chapters  2  and  3  is  based. 

In  section  4.1  we  shall  show  that  the  character  tables  and  the 
algebra  of  representations  are  easily  determined  for  a  group  which  is  decom¬ 
posable  as  a  direct  product.  In  sections  4.3  and  4.4  the  same  will  be  done 
for  a  group  G  =  H  (§}  ,  for  H  abelian.  In  section  4.2,  a  connection  is 

shown  between  the  direct  and  the  semidirect  product. 

§4.1  The  Direct  Product 

Let  H  be  a  group  of  order  h  having  representation  A^  con¬ 
sisting  of  matrices  D^A);  let  K  be  a  group  of  order  k  having  repres¬ 
entations  Aj  consisting  of  matrices  Dj(b).  Then  we  can  form  a  group 

G  =  H  x  K  of  order  h  k  with  representations  F  =  A,  x  A’  consisting  of 

ij  1  j 

matrices  D^(AB)  =  D^(A)  x  D'(b),  where  the  direct  product  D(A)  x  D*(B) 
is  defined  to  be  the  matrix  D(AB)  whose  element  in  the  ijth  row  and  the  k^th 
column  is  given  by 

Dij,w<AB>  -  VA>  d4(b)  • 

Theorem  4.1.  Let  G  =  H  x  K.  Then  the  direct  product  of  an  integer 
representation  of  H  and  an  integer  representation  of  K  is  an  integer 
representation  of  G.  The  direct  product  of  two  half- integer  representations 
is  also  integer.  The  direct  product  of  an  integer  representation  and  a 
half-integer  representation  is  a  half-integer  representation  of  G. 


■  r  '  5  '  V.  ,xq  i,:..-:,,  00  0  E- •  ,  ) 

J 5  B  "  >t.  i«>;.  *r.  .  j  r?\  .  -ol 


if  :  ::  u  ; 

io  ..  "oo' 

So 

c  '  *r,;3  ti  r<'?>f*jjU 

■■  *'  .  0'‘0'V  V-  •  0  JXX 

■  :.’J  .  '  •  »&.  fv;  .  ;  .■> 

■  *  '  q  j3!  Tib  S'.rifT'  .ir:;’* 

■  5  '  ■  -or.,  r-  o  fo  v  ,,  .  ..o'  ;  iU'  ;  -■ '  o 
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Proof.  If  is  the  Frobenius-Schur  invariant  for  the  representation 

T  of  G,  then 

Cij  -  &  I  X<Dfj(AB))  =  ±  £  *(»!<*)  *  D]<B))2 


AJB 


A  SB 


-  jjfc  X  x(Df(A)  x  D'»<B))  =  i  £q>(D*(A))  ±  ^'(D'2(B)) 
A  .B  A  B 


=  ct  -J 


where  q>  is  the  character  of  A,  and  cp'  the  character  of  A,  and  G^ 

i  j  i 

and  G.  are  respectively  the  invariants  of  A  and  A! .  Thus  T. .  can 
J  i  J  ij 

be  integer  (C  =  l)  if  and  only  if  both  A^  and  A!  are  integer 

(C.  =  C’  =  1)  or  both  A.  and  Ac.  are  half-integer  (C,  =  Cs.  =-l). 

i  j  i  (  J  i  j 

Furthermore,  if  F,  A'  is  half-integer  (C.  .  =  -l),  one  of  A.  and  A. 

x  j  ij  1  J 

must  be  integer  and  one  must  be  half-integer.  Hence  the  theorem  is  proved. 

It  is  clear  also  that  if  one  (or  both)  of  A^  and  A^  is  neither 
integer  nor  half-integer  then  r  will  be  neither  integer  nor  half-integer . 

Theorem  U.2.  A  representation  which  is  the  direct  product  of 

(1)  two  even  or  two  odd  representations  is  an  even  representation 

(2)  an  odd  representation  and  an  even  representation  must  be  odd. 
Proof.  From  the  relations 

x(S)(A)  =  ix2(A)  +  ix(A2) 


and 


X(A)(A)  =  ix2(A)  -  |x(A2)  , 


we  obtain  the  relations 


, 


' 
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and 


X*(A)  =  X(S>(A)  +  x(A)(A) 
x  (A2)  =  X(S)(A)  '  x(A)(A)  • 


Using  these  expressions,  we  have  for  the  symmetrized  square  of  A  x  B  , 

4.2.1  X(S>(A  x  B)  =  ^x2(A  x  b)  +  ix(A  x  B)2 

=  k2(A)  X2(B)  +  k(A2)  X(B2) 

=  x(S)(a)x(S)(b)  +  x(A)(a)x(A)(b)  ; 

and 

4.2.2  X(A)(a  x  B)  =  4x2(a  x  B)  -  ^x(A  x  B)2 

=  k2(A)x2(B)  -  !x(a2)x(B2) 

=  x(A)(a)x(S)(b)  +  x(SWA)(b)  . 

Let  A=  (A  , . . , ,A  )  and  A'  =  (B^,...,B^),  be  representations 
of  H  and  K  respectively  and  consider  their  direct  product. 


There  are  several  cases  to  be  considered: 

(a)  A  and  A*  are  both  integer  or  half-integer  and  hence  their  direct 
product  is  integer  by  theorem  4.1. 


The  character  of  the  direct  product  of  two  even  or  two  odd  repres- 

(S)  (S)  (A) 

entations  occurs  either  as  a  component  of  '(A)  x'  '(B)  or  of  '(A) 

(a.)  ( s ) 

X  '(B).  In  either  case  it  will  occur  as  a  component  of  xV  y(A  x  B).  Hence 
the  resulting  representation  is  even. 

The  character  of  the  direct  product  of  an  even  and  an  odd  repres¬ 
entation  will  occur  either  in  X^A^(A)x^S^ (B)  or  in  x^^(A)  X^A^(B)«  In 
either  case  it  occurs  in  x/A^(A  x  b).  Hence  the  representation  is  odd. 
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(b)  One  of  A  and  A'  is  integer,  the  other  is  half-integer ;  their  direct 
product  is  half -integer  by  theorem  4.1. 

The  character  of  the  direct  product  of  two  even  or  two  odd  repres¬ 
entations  occurs  either  as  a  component  of  X^(^)xA(B)  or  • 

In  either  case  the  representation  will  be  a  component  of  the  antisymmetrized 
square  of  a  half-integer  representation  and  will  hence  be  even. 

The  character  of  the  direct  product  of  an  even  and  an  odd  repres- 

(s)  (S)  (A)  (A) 

entation  will  occur  as  a  component  of  either  x.V  '(A)x,v  ^(B)  or  x'  '(A)x'  '(b). 
In  either  case  the  resulting  representation  will  occur  in  the  symmetrized 
square  of  a  half-integer  representation.  Hence  it  will  be  odd. 

A  simply  reducible  group  can  be  defined  to  be  a  group  that  is  both 
ambivalent  (all  group  elements  are  in  the  same  class  as  their  group  inverse) 
and  multiplicity  free.  If  a  group  is  not  simply  reducible,  its  representations 
may  be  both  even  and  odd. 

Theorem  4.5.  The  direct  product  of  two  simply  reducible  groups  H  and  K 
is  simply  reducible. 

Proof.  We  can  easily  show  that  the  elements  [h,k]  and  [h  \k  are  in 
the  same  class.  We  know  that  there  exists  an  element  x  of  H  such  that 
x  Hi  x  =  h  ^  and  an  element  y  of  K  such  that  y  ^k  y  =  k  \  We  thus 
have 

(x"1,y“1)(h,k)(x,y)  =  (x’1hx,y"1ky)  =  (hjk)"1  . 

Hence  H  x  K  is  ambivalent. 


Consider  now  the  coefficients  of  composition  of  G  =  H  x  K. 


fit"."  .  i  V'd'  ‘19.  •.  :  ”■  «,L  ,  >  -1 

■ 
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ij ,kU,mn 


_  I  V  r  J*j)  ,<k^)  >n)* 

g  U  p  *p  *p 


p=i 


"l  r2 


_  jl  y  y  r  ,(i)  jj)  ,00  ji)  j»)*  ,(n: 

-  hk  A=1  A  PX  xPl  XP2  \  *p2  %  % 


=  > 
ikm  j im 

where  C.,  and  C.  are  the  coefficients  of  composition  of  H  and  K 
ikm  j/m 

respectively.  Thus  if  H  and  K  are  both  multiplicity  free,  then  H  x  K 
is  multiplicity  free. 

Hence  the  theorem  is  proven. 

The  above  theorems  show  that  the  properties  of  the  representations 
of  G  =  H  x  K  are  easily  determined  from  the  properties  of  the  represent¬ 
ations  of  H  and  K.  For  this  reason,  the  groups  which  are  decomposable 
as  a  direct  product  have  not  been  discussed  individually  in  Chapters  2  and 
3. 


§4.2  The  Semidirect  Product  as  a  Generalization  of  the  Direct  Product. 

In  the  semidirect  product  M  =  G@H,  a  defines  a  homomorphic 
mapping  between  elements  of  H  and  the  automorphism  group  of  G.  The 
direct  product  can  also  be  regarded  as  a  semidirect  product  if  a  is  taken 
to  define  a  homomorphic  mapping  of  H  onto  the  identity  automorphism  of  G. 
Theorem  4.4  shows  when  the  semidirect  product  of  two  groups  reduces  to  the 
more  simple  direct  product  of  two  groups. 

Theorem  4.4  Let  M  be  the  semidirect  product  M  =  G  H  of  a  group 

,...,h  ),  If  H  is  mapped  into 
m 


G  =  (a1,a2,...,an)  and  a  group  H  =  (h^h 


■-:q  j  co 

'  •-  ■  - ■  « ;  ■■■■■.  . 


) 


<  •  '■  '.'i  •  ■  .'V  5-  ,v 
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the  inner  automorphism  group  of  G,  then  G  /§)  H  is  isomorphic  to  G  x  H1 
(written  G@H  =  G  x  H),  and  H1  is  isomorphic  to  H(H"  =  H)„ 

Proof.  Corresponding  to  an  element  h^  of  H,  there  is  at  least  one 
of  G  such  that  h^(a)  =  a  for  all  elements  a  of  G.  If  we 
choose  such  an  element  corresponding  to  h^  and  corresponding  to 

hp,  and  an  element  <x^  corresponding  to  every  generator  h^  of  H,  then 
every  element  h  of  H  possesses  a  unique  corresponding  element  a  such 
that  h(a)  =  a  ^  a  a,  for  all  a  of  G.  An  inverse  a  ^  will  then  corres¬ 
pond  to  h  \ 

Consider  now  the  elements  (a,h)  of  M,  where  a  has  been 
chosen  as  above. 

(1)  The  elements  (ash)  commute  with  all  elements  (  a,l)  of  G. 

(oc^ > h^ ^ ( a j  1 )  s:  ( o { a J  s h^ ^  a<%^»h^Ji 

=  (aa1,h1)  =  (a,l)(alSh)  . 

(2)  The  elements  ia9h)  form  a  subgroup  H”  of  M. 

We  can  form  the  product  (a^h^Ca^shg)  =  wilich  is 

again  an  element  of  H'.  We  can  also  form  an  inverse  (a^»h^)  ^ 
which  is  again  an  element  of  H1  .  Hence  H5  is  a  subgroup  of  M. 

(3)  The  subgroup  H'  is  normal  in  M. 

We  know  that  the  elements  (a»h)  commute  with  G.  If  we  thus 
show  that  (l,h2)~1(alSh1)(l,hp),  where  (Ijh^)  is  an  element  of  H,  is 
in  H1,  then  H1  is  normal  in  M  . 

(l.hgJ'^a^hjXl.hg)  =  (l.h^Xoj.hjhg) 

=  *^2  ^1^2^  * 
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We  can  write  this  as  a  product  of  three  elements  of  H': 

(a21»h21)(ai’hi)(a2*h2^  =  (a2aia21,h2lhlh2^  * 

-1  -I 

Therefore  the  element  (a^a^at^  »^2  in  and  hence  H'  is 

normal  in  M. 

(k)  H*  =  H  . 

For  if  (l,h1)  « — >  (a1,h1) 

(l,h2)  (a2,h2) 

then  (l,h^)(l,h  )< — *(a2a^,hjh2)  and  multiplication  is  preserved.  Further 
more,  the  mapping  is  one-to-one  since  the  doublet  (<x,h)  is  unique  even 
though  we  may  have  some  an  =  am  • 

Thus  H'  =  H. 

(5)  Any  element  (a,h)  of  M  can  be  represented  as  a  product  of  an 
element  of  G  and  an  element  of  H. 

(a,l)(a,h)  =  (aa,h) 

Since  any  element  of  G  can  be  expressed  as  a  a  for  some 
a  and  <x»  all  elements  of  M  can  be  expressed  as  (aa,h).  The  element 
(1,1)  is  the  only  common  element  to  G  and  H'. 

By  theorem  l.J,  then,  G  @  H  =  G  x  H1,  where  H  =  H'  . 

A  consequence  of  this  theorem  is  the  following  theorem  from  Hall  [2]. 
Theorem.  Let  G  be  a  complete  group  which  is  a  normal  subgroup  of  a  group 
M.  Then  M  is  the  direct  product  G  x  H  of  G  and  the  centralizer  H 


of  G  in  M. 


The  centralizer  H,  of  course,  consists  of  all  elements  of  M 
that  commute  with  all  elements  of  G. 

Proof .  We  can  represent  M  as  the  set  of  elements 

M=G+x-G+...+xG  , 

1  n 

where  x^  is  an  element  of  M  not  in  G.  We  can  represent  an  automorphism 
of  G  as  a  =  (g*— *x  ^gx)  for  all  g.  But  since  every  automorphism  of  G 
is  inner,  we  have  also  a  =  (g«-»a  ''"ga)  for  some  element  a  of  G  and  for 
all  g.  Hence  x  ^gx  =  a  ^ga  for  all  g,  and  y  =  xa  ^  commutes  with  G 
and  therefore  belongs  to  H.  We  can  represent  a  coset  of  G  as  follows  % 

Gx  =  xG  =  x(a  ^G)  =  yG  =  Gy 

Thus  every  coset  of  G  in  M  contains  an  element  of  H„  Hence  every 
element  of  M  can  be  expressed  as  a  product  of  an  element  of  G  and  an 
element  of  H.  Since  the  center  of  G  is  the  identity  the  only  element 
that  G  and  H  have  in  common  is  the  identity.  Hence  by  theorem  1,3, 

M  =  G  x  H. 


A  few  more  minor  results  about  direct  and  semidirect  products 
are  lumped  together  in  theorem  4,5. 

Theorem  4,5  Let  G  =  (g1>...,gn)  be  any  finite  group  and  A  =  (a^a-g, . . .  ,a 
the  group  of  all  automorphisms  of  G„  Then  if  B  =  (|3  ,)  and 

C  =  (7^,,.., 7^)  are  two  subgroups  of  A,  then 

(1)  G@  B  and  G  @  C  are  subgroups  of  G@A,  the  holomorph  of  G, 

(2)  If  B  is  a  normal  subgroup  of  A,  then  G  ©  B  is  a  normal  subgroup 
of  G  @  A. 

(3)  If  all  elements  of  B  commute  with  all  elements  of  C,  and  B  and  C 
have  only  the  identity  in  common,  then 


i  •;  L;.;,  J.X 
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(G  q  (BxC)  , 

where  <rl2  =  . 

Proof. 

(1)  The  product  of  any  two  elements  of  G@B  is  also  in  G  ©  B. 

(g1»P1)(g2»P2)  =  (g1P1(g2),P1P2)  • 

-1  -1  -1 

The  inverse  of  (g^,^)  is  (g^  ),p1  )  which  is  also  in 

G  o'  B  . 

Therefore  G®  B  is  a  subgroup  of  G@A. 

(2)  (g^a^)  1(g2>|32)(g1,a1)  =  (g^a^)  1(g2(32(g1)  ,(3^) 

=  ( g-^g232(  g^ ) )  »cc^  P2C£>^)  o 

Since  B  is  normal  in  A,  we  see  that  G  ©  B  must  then  also  be  normal  in 
G  ^  A, 

(3)  We  can  represent  an  element  of  (G  B)  C  uniquely  as 

such  that  the  product  of  any  two  elements  is 


(g1P171)(g2P272)  =  g131(71(g2))P171P272 


We  can  define  a  group  D  consisting  of  elements  3^  7j  an<*  sinc®  B 
and  C  commute  we  see  that  D  =BxC=CxB.  Hence 


(G^  B)@2  C  *  G#12  (B  x  C)  2?  (G@2  C)^  B  , 

where  <r1Q  =  cr^  . 

§  4,3»  Induction  of  Representations  for  H  ®  C  ,  for  H  Abelian, 


In  Chapter  2,  the  character  table  and  algebra  of  representations 
were  discussed  for  the  general  dihedral  group  DN  =  CN  (9)  where  <r  is 


•  •  1  "I. '  .  ■  -  •  It;  -•  '■ 


■ 
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the  inverse  mapping.  In  general  admits  more  than  one  automorphism  of 

period  2.  For  example,  =  (A,A2,...A^  E)  admits  the  automorphisms 

R(A-+A7),  S(A  — ►  A  )  and  T(A-fAL^).  Thus  we  can  form  three  groups  of 
order  32,  having  the  definition  ©  C^,  where  the  definition  of  cr  dis¬ 

tinguishes  between  the  three  groups.  Since  any  abelian  group  is  the  direct 
product  of  cyclic  subgroups,  it  is  easy  to  see  that  there  can  be  many  dis¬ 
tinct  groups  H  ©  depending  on  the  number  of  automorphisms  of  period  2 
of  H. 


In  order  to  study  the  induction  of  representations  for  H (a  C^, 
we  shall  first  simplify  the  character  induction  formula  1.2.  We  had  in 
general 


(I)  _  _JL 

j  hr  . 


I  V  Vu) 

j'(j) 


For  H  @C  ,  g/h  =2,  s.,  =  ^  r.  unless  a  class  is  invariant 

J  <—  J 


under  o\  in  which  case  s.  =  r. 

J  J 


4.1 


X^(R)  =  ~  cpj  f  (R(cr) )  ] 


=  <Pj,(R)  +  «KR(<0)  > 


where  cr  (R  -►R(cr))  and  the  subscripts  j  have  been  dropped. 


We  will  now  prove  a  well-known  theorem  concerning  the  reducibility 
of  induced  representations,  but  the  proof  given  will  be  restricted  to  the 
case  G  =  H  @>  C^. 

Theorem  4.5  Let  G  be  a  group  G  =  H  @  C  ,  where  H  is  abelian.  Let 

2 

A  be  an  irreducible  representation  of  H;  0(a)  the  orbit  of  H  containing 
A;  o(A)  the  order  of  0(a)  where  the  order  of  an  orbit  is  the  number  of 
inequivalent  irreducible  representations  in  that  orbit;  and  A1 


with 


¥  . 

•  •  ■'  '  ■  -  B  l: : 
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character  the  representation  of  G  induced  by  A.  Then  A^  is 

irreducible  if  and  only  if  o(a)  =  g/h  =  2. 

/  \ 

Proof-  Leu  xVJ(R)  =  a1Xi(lO+a2X2(R)+*  •  .+aNXN(R)-  The  character  orthogonality 
relation  (l.l)  yields 


(1)  X  l*(l\'R)|a  =  X  I  Vl(R)+a2x2(R)+-”+VN(R)l 

ReG 


R 


N 


N 


=  II  a?  h^R)!2  =  *  X  a i 


R  i=l 


i=l 


(2)  We  can  also  write  ^  |x^"(R)|2  in  terms  of  the  characters  of  H< 


ReG 


y  ix(i)(R)  12  =  y  icp(R)  +  cp(r(<j))i 


ReG 


ReH 


=  y  (  |cp(R)|2  +  |cp(R(a))|2)  +  y  (cp*(R)cp(R(cr))  +  cp(R)  cp*(R(o-))) 


ReH 


ReH 


By  relation  (1.1)  y  |cp(R)|2=y  1  cp(R( cr) )  | 2  =  h  . 


ReH 


ReH 


Hence 


y  lx^(R)|2  =  8  +  y  (<P*(R)9(Rlo-))  +  <P(R)  <P*(R(<0))  . 


ReG 


ReH 


Suppose  the  representation  A  of  H  with  character  cp(R)  occurs  in  an  orbit 
of  order  g^/h  =  2.  Then  there  exists  a  representation  A'  of  H  such  that 
cp(R)  =  cp'(R(<r))  .  But  then 

X  lx(l)(R)l2  =  g  +  £  <P*(R)  q>'(R)  +  ]T  <p(R)  <P*’(R)  • 

ReG  ReH  ReH 


By  relation  (l.l)  again,  the  two  summations  on  the  right  vanish  and 


o rv:  rraa©'/'vs:t 
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Hence  the  representation  of  H  in  an  orbit  of  order  g/h  =  2 

i s  ir red uc ib 1 e . 

Suppose  A  is  self-conjugate,  i.e.,  A  is  in  an  orbit  of  order 
1,  Then  cp(R)  =  ^RCo"))  and 

X(I)(R)  |S  =  S  +  2  £  cp*(R)  q>(R)  =  2g  , 

ReG 


i=l 


Hence  the  representation  of  G  induced  by  a  self-conjugate  representation 
of  H  is  reducible  and  is  a  direct  sum  of  two  inequivalent  one-dimensional 
representations  of  G» 

Thus  by  considering  the  orbits  of  the  representations  of  II 
relative  to  G,  we  can  decide  whether  or  not  an  induced  representation  of 
G  is  irreducible,, 

In  the  remainder  of  this  section  we  will  be  concerned  with  the 
induction  of  integer  representations,  half-integer  representations  and  of 
representations  that  are  neither  integer  nor  half-integer.  The  following 
lemmas  will  be  useful. 

Lemma  1 .  An  abelian  group  has  no  irreducible  half-integer  representations. 


:  :  ,  •  ;■<;  ■  ■>  .  -.uil: 

'  "  ;•£?  '  ■  7  . ■  -:r 
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Proof,  Since  any  abelian  group  is  a  direct  product  of  cyclic  groups,  we 
can  restrict  our  proof  to  cyclic  groups  (by  theorem  4.1).  The  Frobenius- 
Schur  invariant  has  the  definition 


ReH 


If  Cj  =  -1,  all  the  squares  of  the  elements  of  H  must  have  character 
-1.  However,  the  identity  element,  which  is  its  own  square,  cannot  have 
character  -1,  Thus  a  cyclic  group  can  have  no  half-integer  representations 
and  hence  any  abelian  group  cannot  have  any  half -integer  representations. 


Furthermore,  this  proof  applies  to  one -dimensional  representations 
of  any  group, 

Lemma  2.  Let  H  =  C„  x  C„.  x  x  CL.  Then  H  has  2q  integer  repres- 
- -  N  M  R 

enations  where  q  is  the  number  of  even  order  cyclic  groups  in  the  direct 
decomposition  of  H„ 

Proof.  If  N  is  odd,  C  has  clearly  only  one  integer  representation, 


h 

that  being  the  identity  representation.  If  N  is  even,  say  2L,  then  the 
identity  representation  and  the  representation  L  are  both  real  and  integer. 
All  other  representations  are  complex.  The  rest  follows  from  theorem  4,1, 
Theorem  4.6  A  self-conjugate  integer  representation  of  the  normal  sub¬ 
group  H  of  a  group  G  =  H  @  induces  two  inequivalent  one-dimensional 
integer  representations  of  G. 

Proof .  Suppose  is  defined  by  the  element  T  and  H  by  (R^,Rg, » „ „R^) 

Then  TRT  =  R{(j). 


The  Frobenius-Schur  invariant  for  an  Induced  representation  is 


. 


) 
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g^l}  *  7  Xj(R2)  =  7  [<Pj(R2)  +  (Pj(Ra  O'))]  +  7  Xj(r2) 


ReG 


ReH 


R£H 


=  g  C  +  7  Xj(RR(cr))  , 


ReH 


where  is  the  Frobenius-Schur  invariant  for  A^  of  H. 


Since  H  is 


abelian  we  have 


gC^  =  gCj  +  2  £  ^(R)  <Pj(R(<T)) 


ReH 


If  A  is  an  integer  representation 


8  C 


(I) 


+  2h  =  2g  , 


and  =  2. 


Hence  the  induced  reducible  two-dimensional  representation  of  G 
must  split  up  into  two  inequivalent  one-dimensional  integer  representations, 
Theorem  4.7.  An  orbit  consisting  of  two  integer  representations  induces 
an  irreducible  two-dimensional  integer  representation  of  G. 

Proof.  In  theorem  4,6  we  had 


gC^  *  gCj  +  2  £  <pj(R)  <Pj(R(or)) 
ReH 


If  a!  is  the  integer  representation  conjugate  to  A  we  have 

gC^  =  gC.  +  2  7  Qj(R)  «Pj(R)  =  8Cj  * 

ReH 

since  the  summation  is  zero  by  the  character  orthogonality  formula  (l.l) 


(l) 

Thus  Cj  '  =s  1  and  the  induced  representation  is  integer, 
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Theorem  4.8.  A  self-conjugate  non-integer  representation  of  an  abelian 
group  H  induces  two  inequivalent  one -dimensional  non-integer  representations 
of  G  =  H@C2. 

Proof.  Again  from  theorem  4.6 


gCj1^  =  gCj  +  2  Y  <Pj(R)  <Pj(R(<r))  . 


R€H 


Since  Cj  =  0  and  <Pj(R(a))  =  (R)  we  have 


gcj1)  =  2 


X  *J(»  -  o 


ReH 


.(I) 


by  orthogonality  relation  (l.l).  Hence  '  =  0,  and  since  the  induced 
representation  is  reducible  (by  theorem  4.5),  it  must  split  into  two  in¬ 
equivalent  one-dimensional  representations  that  are  neither  integer  nor 
half-integer  (no  group  can  have  one- dimensional  half-integer  representations). 
Theorem  4.9.  A  non-integer  representation  of  an  abelian  group  H  in  an 
orbit  of  order  g/h  =  2,  induces  a  two-dimensional  irreducible  representation 
of  G  =  that  is  neither  integer  nor  half-integer.  If  the  two  repres¬ 

entations  in  the  orbit  are  complex  conjugate  to  each  other,  the  induced 
representation  will  be  integer. 

Proof.  From  theorem  4.6  we  have 


gC 


a) 


-  gCj  +  2  V  <Pj(R)  <Pj(R(ff))  . 


ReH 


If  cpj(R)  =  cp*(R((r))  where  the  star  denotes  complex  conjugate,  and  since 
Cj  =  0,  we  have  =  0,  and  the  induced  representation  is  complex. 

If  <Pj(R)  *  $*(R(ff))  »  we  have 


2  ^  <Pj(R)  q>j(R)  ■»  2h  •  g 

ReH 


-  1  '  ■  o  ■  "•'»  ,  -  .  .  ,■  O'':-'  ■  WM-  ii  ..  '  )  : 


' 

. 

•V  rf  .yj  (  -■  (  h  0  h,  :  )  »  n  / 


i 

::  ■  fu  *■, o  bvt  ’  -  -j  ...» 

■ .  ■  t:';'  ' 

-  82  - 


Hence  =  1,  and  the  induced  representation  is  integer. 

As  an  example,  consider  C.^  (6)  C,  „  There  are  three  such  groups, 
the  dihedral  group  D.^  having  all  integer  representation.  The  group 
G1  =  C16®C2’  ^  =  (A~yA^)  has  orbits  =  (Aq),  0g  =  (A^A*), 

=  (Ag,Aj^)  ’  =  B ^  =  »  0g  =  0^  =  (Ag)  > 

0g  =  (A9,A15),  and  0 =  (A^.A^  ),  Only  A^  and  Ag  are  integer.  From 
the  theorems  above,  then,  0^  and  0^  each  induce  two  inequivalent  one¬ 
dimensional  integer  representations  of  G, .  0. ,  0,  ,  and  0O  each  induce 

an  irreducible  two-dimensional  representation  of  that  is  neither  integer 

nor  half -integer  and  0  ,  0  ,  and  9 r  each  induce  an  irreducible  two- 

5  ?  o 

dimensional  integer  representation  of  G. »  The  group  G  =  C-^©€  , 

I  2  1  o  2 

cr  =  (A  ~>A9)>  has  orbits  0X  =  (Ag),  0g  =  (A^A  ),  0^  =  (Ag),  0^  =  (A^,A11), 

B ^  -  (A^) ,  0g  =  (A^,A^2),  0^  =  (Ag),  0g  =  (A^sA^),  0^  =  (Ag) ,  ®]_q  ~  ( A^q )  , 

0,-  =  (A,  J  and  0,_  =  f A., ,  ) ,  9,  and  0^  each  induce  two  inequivalent  one- 
11  12  12  *  14  19 


dimensional  integer  rep_ c^entations  of  G, 


B-x*  B\q*  an<^ 


each  induce  two  inequivalent  one -dimensional  complex  representations  and 

0  ,  0,  ,  0£,  and  0O  each  induce  an  irreducible  two-dimensional  complex 

2  4  o  o 

representation  of  G  „  G  has  no  two-dimensional  integer  representations. 

d. 


We  note  also  that  G  =  H  ©  G_,  for  H  abelian,  has  no  half¬ 


integer  representations, 


We  see  thus  that  the  properties  of  the  induced  representations  of 
G  =  H  @  Cg  for  H  abelian,  can  be  easily  determined  from  a  knowledge  of 
H  and  <r„  In  the  next  section  we  will  see  that  the  algebra  of  represent¬ 
ations  of  G  =  H  ©  Cg  can  also  be  determined  quite  simply  from  the  algebra 
of  representations  of  the  abelian  group  H. 
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§  4  Algebra  of  Repreaentationa  of  G  =,  H  @  C^,  for  H  abelian. 


In  this  section  we  are  again  concerned  with  the  semidirect  product 
G  =  H  /Cr)  C„,  where  H  is  abelian  and  of  the  form  C„  x  x  CL  .  The 
theorems  established  are  valid  for  any  abelian  group,  independent  of  the 
number  of  cyclic  subgroups  in  the  direct  decomposition  of  the  group,  but 
for  simplicity  of  notation  we  will  consider  H  =  x  x  CR. 

If  CN  =  (E,A,...,AN“1),  C  =»  (E,B,...,BM“1)  and  CR  =  (E  ,C , . . .  ,CR~  L)  , 
we  define  cr  as  follows: 

a  =  (A  ->  A^  ,  B  — »■  Bk ,  G  ~,Cm)  , 

where  l2  =  l(mod  N),  k2  =  l(mod  M) ,  and  m2  =  l(mod  R). 


If  we  label  the  N  representations  of  as  done  in  Chapter  2, 

such  that  A^^  is  the  trivial  representation  r,nd  is  the  representation 

such  that  cp(An)  =  exp ,  and  similarly  for  and  CR,  then  we  can 

extend  this  labelling  to  H  =  x  x  GR,  such  that  for  any  representation 

A  of  H  we  have 

n,m,r 


A 

n,m,r 


A^  x  A^  x  A^ 
n  m  r 


> 


where  A  is  the  identity  representation  of  H. 

0,0,0 

With  this  notation  in  mind  we  can  easily  establish  the  following 


lemmas , 

Lemma  1 , 

If  R  is  any  element  of 

H ,  then 

(1) 

q>  m  (Ra)  =  (R)  = 

n,m,r  n,m,r 

cp  (R)  , 

an ,am,af 

(2) 

V«,r(R>  Vt,v(R>  =  Vs,m+t,r+v(R)  > 

(3) 

Aa  =  A 

n,m,r  an, am, at  ’ 

-  8k  - 


k  ®  A  .  =  A 

n,m,r  s,t,v  n+s,m+t,r+v 

The  proof  of  this  lemma  is  trivial  since  H  is  abelian  and  has 
only  one-dimensional  representations.  Of  course  the  arithmetic  is  carried 
out  modulo  N,  M,  and  R  respectively. 


Lemma  2.  Let  A  and  A  be  mutually  coniugate.  Then 

-  n,m,r  s,t,v 

A  _  is  self-conjugate, 

n+s,m+t,r+v 

Proof.  Let  cp.  =  <p  and  cp.  =  cp  .  Then 

-  1  xn,m,r  j  Ts,t,v 

*Pi+ j (T_1RT )  =  cp.CT^RT)  <p  (T_1RT)  . 

Now  if  T  is  the  element  of  such  that  T  '*'RT  =  R(cr),  then 

<Pi+ j (T~ LRT )  =  cp.(R)  cp.(R)  =  q>i+j(R)  , 


and  A.  .  =  A  is  self-conjugate. 

i+j  n+s,m+t,r+v 


It  is  clear  then  that  if  any  two  representations  A  and  A. 

i  J 

are  in  an  orbit  of  order  two,  then  A^+^  must  be  self-conjugate  and  form 
an  orbit  by  itself. 

Lemma  5.  Two  representations  (irreducible)  of  H,  A  and  A  are 

n  5  m  j  x*  s  j  l  j  v 

mutually  conjugate  relative  to  G  =  H  @  C^,  cr  =  (A  -»-A^,  B  ->B^,  C  -*C^), 
if  and  only  if,  n  =  is,  m  =  kt,  and  r  =  pv. 

Proof.  There  exists  an  orbit  (A  ,  A  )  of  H  if  and  only  if 

-  '  n,m,r  s,t,v7 

there  exists  an  element  T  of  G  such  that 


9 

n,m, 


r<R>  -  *s,t,v<T'lRT> 


Let  R  be  any  element  of  H.  R  is  therefore  of  the  form  ABC.  Then, 


using  lemma  1, 


: 


l 

t/  .Z  V  i !  "■ 
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<P 

n,m,r 


(ABC)  -  ^s,t,v(T'lABCT)  ■  Vt.v^W 

=  <Ps(a/ )q>c(Bk)q>v(CP)  =  <P^(A)<p^(B)  <pP(C) 
-  ^s(A^kt<B)V(C)  -  V,kt,pv<ABC>  • 


Thus  (A  A  _  )  is  an  orbit  of  H  relative  to  G  if  and  only  if 

n,m,r,  s,t,v' 

n  =  /s,  m  =  kt,  and  r  =  pv.  Since  i2  =  l(mod  N),  ka_  l(mod  M)  and 

2 

p  =  1  mod(R)  we  have  also  that  the  theorem  holds  if  and  only  if  s  =  £n, 
t  =  ink,  and  v  =  pr  . 


We  can  now  establish  some  theorems  concerning  the  algebra  of 
representations  of  induced  representations. 

Theorem  4.10.  Let  be  an  irreducible  two-dimensional  representation  of 

G  induced  by  the  orbit  (A^,A^ )  of  H( i=n,m,r ; j=s , t ,v) .  Then 

rk  ■  rk  *  rk  -  +  (Ai+/  ■ 


where  (A  jA^)1  is  irreducible  unless  2i  =  2j;  (A.^)1  is  always 


reducible. 


.(I) 


Proof.  xj  =  (<P  l  )2  =  (cp^j)2  =  cp2i  +  cp2j  +  ?<pi+j 

=  (cp^.cPpj)1  +  • 


i+j 


Of  course,  if  2i  =  2j  (2n=2s(modN) ,2m=2t(modM) ,2r=2v(modR)) ,  then  (A0^) 
is  reducible. 

Lemma  k.  Let  be  a  reducible  representation  of  G  induced  by  the 

self-conjugate  representation  A.  of  H.  Then  T  decomposes  into  two 

1  K 

inequivalent  one-dimensional  representations  and  rj^'  of  G  such 


(I) 


X*15  (ABC)  =  q>.(ABC),  x'1’  (ABCT)  =  q).(ABC)  , 

X<2)  (ABC)  =  <P1(ABC) ,  Xp2)  (ABC!)  =-<Pt(ABC)  , 


that 


CD  -  O’) 


CD  CD 


CP  X 


ci'  c: 
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where  ABC  is  an  element  of  both  G  and  H,  and  ABCT  is  an  element  of 
G  =  H  @  C2  only. 

Proof.  From  the  induction  formula  we  have 


Xk(R)  =  2q>1(R)  . 

Since  xk(ABC)  =  xj^(ABC)  +  xj^ABC)  =  2q>1(ABC),  and  since 
lxk^(ABC)|  =  |x^.2\abC)|  =  1  ,  we  must  have 

X^Wc)  =  Xk2)(ABC)  =  cp^ABC)  . 


For  elements  of  G  of  the  form  ABCT,  we  have 


,<D 


X,  (ABCT)  =  x>  '(ABCT)  +  xi  '(ABCT)  =  0 


(2), 


Since 


■(1)' 

r(i) 


Hence  xk '(ABCT)  =  “Xk  (ABCT) 


,(2): 

Lk 

.(2) 


and  r,  '  are  one -dimensional,  we  have 
k 


.(1) 


.(1) 


Xi,  ' (ABCT )  =  xi  '(ABC)  xi '(T)  , 


U), 


and 


X^2)(ABCT)  =  xk2)(ABG)  Xk2)(T)  . 


Since  we  must  have  |xk^(T)j2  =  |xk2^(^)|2  =  1,  we  choose  xf^(^) 

(2)  * 

and  xk  '(T)  -  -1.  Hence  we  have 


=  1 


X^^ABCT)  =  x^^ABC)  =■  <Pi 


(2) 


Xfc  ' (ABCT)  =  -X[2)(ABC)  -  -9.(&BC) 


From  the  result  of  lemma  i+  we  can  now  discuss  the  symmetrized 
and  antisymmetrized  squares  of  induced  representations. 

Theorem  4.12.  Let  be  an  irreducible  two-dimensional  representation 

of  G'  induced  by  the  orbit  (A^.A^)  of  H.  Let  r£S)  and  rk^  be 
respectively  the  symmetrized  and  antisymmetrized  squares  of  r^.  Then 


. 


■.  '  ; 


■ 


:  J  -  3j ■ 1 !  ' 
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r^s)  =  (a  a  )j  +  (A(I))(1) 

and 

f  -  («B|  - 


Proof,  For  the  elements  ABC  of  both  H  and  G,  we  have 


X*S)(ABC)  =  -I  x*  (ABC)  +  |  xk(ABC)2 

=  4[cpi(ABC)  +  <Pj(ABC)]2  +  i[tpi(ABC)2  +  qj^ABC)2] 


i[«P2i(ABG)  +  Cpo4(ABC)  +  2cp4  _  4  (ABC)  ] 


2j 


i+j 


+  i[92i(ABC)  +  cp2j(ABC)] 


cp2i(ABC)  +  cp2j(ABC)  +  cpi+j(ABC) 


For  the  elements  ABCT  of  G,  we  have 

X<S)(ABCT)  =  i  xf(ABCT)  +  i  Xk(ABCT)2  . 
Since  x^CABCT)  =0,  we  have 

X[S)(ABCT)  -  A  xk(ABC-A/BkCm) 

=  •|((pi(ABC)cpi(AVcm)  +  <p  (ABCOq^CA^V®)) 
=  q^C ABC )q>  ( ABC) 

=  <Pi+j(ABC)  . 


Since  cp2.(ABCT)  =  cp^CABCT)  =  0,  since  ABCT  is  not  an  element  of  H, 


we  have 


■f  >  -  *  <43><l) 


For  the  antisymmetrized  square  F 


(s) 


we  have 


•  I....  /  rf.;  < 
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x[A)(ABC)  =  i[q>2i(ABC)^)04(ABC)+2q)4j_4(ABC)] 


2j 


i+j 


-  i[«P2i(ABC)+<p2j(ABC)] 
=  cpi+j(ABC)  , 


and  cp^A)(ABCT)  =  -<p.+j(ABC)  . 

Hence  r£A)  =  (A^)^  . 


Let  and  be  inequivalent  one- dimensional 


Theorem  4.15 

representations  of  G  induced  by  the  representation  A^  of  H( lemma  4), 

be  inequivalent  one-dimensional  representations  of 


.a) 


415  =  rk2)  ®rk2)  *  (4I))<1)  . 

r£l)®r<l)  =  r<e)  apr^>  =  (aSi>)(1)  . 


k 

.(1) 


<S>  r 


i 

(2) 


k 

.(1) 


=  TYJ@r  k 


i+j 


(2)  =  (a(I))(2) 


and  and 

G  induced  by  the  representation  A^  of  H.  Then  the  following  relations 
hold: 

(1) 

(2) 

(3) 

(4) 

Proof. 

(1)  The  character  of  is  Just  <p?(ABC),  for  all  elements  of 

G.  But  this  is  just  the  character  of  (A^p)^^  by  lemma  4.  The  same 
thing  holds  for  F^2^  (S)  , 

(2)  The  character  of  (g)r£2)  is  just  cp^(ABC)  for  all  elements 

ABC  which  are  elements  of  both  G  and  H  ,  and  -cp^(ABC)  for  all  elements 
ABCT  of  G  which  are  not  in  H.  By  lemma  4,  this  is  just  the  character 

of  <4p)<2> , 


i 

. 


-  cd' 


■ 

. 
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(3)  The  character  of  is  just  cp  (ABC)cp.(ABC)  for  all  element! 

[<.  z  i  j 

of  G.  This  is  just  the  character  of  . 

i+j 

The  proof  for  (4)  is  similar  to  the  proofs  of  (l),  (2),  and  (3). 

Theorem  4.14.  Let  T  and  T  be  two  inequivalent  irreducible  two-dimen- 

K-  Z 

sional  representations  of  G  induced  by  (A^,A.)  and  (A  ,A  )  of  H 

i  j'  m  n' 

respectively.  Then 

r.  ®r,  =  (A4._.As,_)(I)  +  (A,  .A.  „)1  , 


k  /  '  i+m7  j+n'  '  i+n'  j+m' 


where  (A,  A.  ) 
i+m,  j+n 

^Ai+n’Aj+m^ 


(I) 


is  irreducible  unless  i+m  =  j+n,  and  similarly  for 


Proofs  ^ 


=  <P.  +Cp.  +Cp.  4  CD , 
i+m  i+n  j+m  j+n 


Since  A,  and  A.  are  mutually  conjugate,  and  A  and  A  are  mutually 
i  j  m  n 

conjugate,  then  A. A  =  A.  is  conjugate  to  A.A  =  A.  .  For  if 

i  m  i+m  j  n  j+n 


and 

then 


<p.(R)  =  (PjWff))  , 

<P„(R)  =  <P  (R(o-))  , 


m 


n 


cp.  (R)  =  cp.  (R(cr) )  . 

i+m'  '  j+n  " 


Thus  rk®rl  = 


(A.  ,A.  )X  +  (A.  ,A.  ) 

i+m  j+n  i+n  j+m7 


We  have  now  completely  discussed  the  algebra  of  representations 
of  G  =  H  @  C^.  (H  abelian).  Although  it  has  been  possible  to  discuss 
the  induction  of  representations  and  the  algebra  of  representations  for 
G  =  H  ©  Cg  in  general,  the  number  of  representations  induced,  the  number 
of  integer  and  non- integer,  even  and  odd  representations  depends  upon  each 


definition  of  or. 
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It  is  clear  also,  from  the  above  discussion  that  G  =  ^@C^, 
where  H  is  abelian,  is  multiplicity  free. 

It  should  also  be  possible  to  discuss  H(g)C^,  for  H  abelian, 
in  a  similar  manner.  Although  special  groups,  that  are  more  complicated 
semidirect  products,  have  been  discussed  in  chapters  2  and  3,  the  properties 
of  the  representations  of  the  groups  discussed  are  not  as  easily  demonstrated 
in  terms  of  the  properties  of  the  representations  of  their  subgroups  as 
for  G  =  H  @  G^»  fc>r  H  abelian.  It  would  be  desirable  to  discuss  the 
semidirect  product  in  general,  as  has  been  done  in  this  chapter  for 
G  =  HgJCg,  for  H  abelian,  but  it  was  found  too  difficult  to  do  here. 
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CHAPTER  5 
CONCLUSION 


In  the  preceding  chapters  an  attempt  has  been  made  to  describe 
the  character  tables  and  the  algebra  of  representations  of  some  finite 
groups.  We  have  shown  in  section  4.1  that  these  subjects  can  be  discussed 
quite  generally  for  groups  which  are  isomorphic  to  the  direct  product  of 
any  of  their  subgroups.  Such  a  general  discussion  would,  of  course,  also 
be  desirable  for  groups  which  are  isomorphic  to  a  semidirect  product  of 
any  of  their  subgroups,  but  this  has  not  proven  possible  in  this  thesis. 

It  has  been  shown  that  the  discussion  of  the  character  tables  and  the 
algebra  of  representations  can  be  done  in  general  for  certain  families  of 
groups  such  as  the  cyclic,  dihedral  and  the  dicyclic  groups  (chapter  2). 

The  remainder  of  chapter  4  has  been  devoted  to  a  discussion  for  the  groups 
H  @  C^,  where  H  is  abelian.  This  discussion,  of  course,  includes  the 
results  for  DN  which  is  just  @  C^,  where  a  is  the  inverse  auto¬ 
morphism  (A  -»A  ^). 

Several  of  the  results  for  the  semidirect  product  H  @  C^,  with 
H  abelian,  seem  to  correspond  to  the  results  for  the  direct  product  of  two 
groups.  For  example,  the  direct  product  of  two  groups  that  are  multiplicity 
free  is  also  multiplicity  free  as  is  the  semidirect  product  H  @  C^,  where 
H  is  abelian.  The  direct  product  G  x  K  of  two  groups  G  and  K 
possesses  no  half-integer  representations  if  neither  G  nor  K  possesses 
half-integer  representations!  the  semidirect  product  of  an  abelian  group 
H  (which  has  no  half- integer  representations)  with  also  has  no  half- 

integer  representations.  There  are  other  results  also  which  seem  to 
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correspond.  These  correspondences,  however,  do  not  hold  for  the  general 
case  H@K  (see  table  5*l)>  as  many  of  the  groups  CN  @  do  possess 
half-integer  prepresentations,  even  though  and  C(|  have  no  half-integer 

representations  and  the  groups  C_  (g)  C  and  C_  ©  C,  listed  are  not 

7  3  5  4 

multiplicity  free  although  all  the  cyclic  groups  involved  are  themselves 
multiplicity  free. 


Table  5.1 


Group 

Semidirect 

Product 

Definition 
of  cr 

Integer 
Reps.  * 

Half 

Integei 

Reps 

Ambi¬ 

valent 

Multip¬ 

licity 

Free 

Sj 

- 

- 

N  even 

No 

N=l,  2 

Yes  ' 

dn 

C  @  C 

N  ^  2 

A  A-1 

Yes 

No 

Yes 

Yes 

( 

Q  N  odd 

N 

CN  @  C4 

A 2  -*A'2 

Yes 

Yes 

No 

Yes 

N  even 

- 

- 

Yes 

No 

Yes 

Yes 

\ 

D2®°3 

see  chapter 

3 

Yes 

No 

No 

No  1 

<2, 2 | 2> 

C8®C2 

A  -+A5 

Yes 

No 

No 

Yes 

<-2,4| 2> 

C8  ®  c2 

A  -*A5 

Yes 

No 

No 

Yes 

<2,2  j  4s2> 

c.  ©  c, 

4  4 

A  A*  1 

Yes 

Yes 

No 

Yes 

<^,4|2,2> 

(C^xGg)  (©  C0 

see  chapter 

3 

Yes 

No 

No 

Yes 

No  name 

(C4x€2)  ©  C2 

see  chapter 

3 

Yes 

No 

No 

Yes 

<5,3>3,2> 

(C3xC3)  ©  C2 

see  chapter 

3 

Yes 

No 

Yes 

Yes 

i  No  name 

i 

S  -4-  S2 

Yes 

No 

No 

No 

No  name 

j 

c„  ©  c 

7  3 

S  -,S2  | 

No 

No 

No 

No 

1 <2,3,3  > 

- 

Yes 

Yes 

No 

No 

i<4,6j2,2> 

(C6xC2)  @  C2 

see  chapter 

3 

Yes 

No 

No 

Yes 

<-2,2,3  > 

- 

- 

Yes 

Yes 

No 

Yes 

<3>3|  3»3> 

C9aC3 

S-.S? 

No 

No 

No 

No 

*The  identity  representation  is  always  integer  but  is  not  included  in  this 
table. 
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Table  5*1  summarizes  some  of  the  results  found  In  chapters  2  and 
3,  It  is  interesting  to  note  that  almost  all  the  groups  listed  are  Isomor¬ 
phic  to  the  semidirect  product  of  an  abelian  group  with  a  cyclic  group,  A 
general  discussion  of  the  induction  of  representations  and  the  algebra  of 
representations  for  the  groups  H  ©  C^,  with  H  abelian  would  therefore 
be  of  great  value, 

A  general  discussion  for  the  groups  G  @  H  where  G  and  H 
are  any  finite  groups  is  quite  difficult,  A  result  derived  in  section  4.2 
concerning  the  semidirect  product  G  ©  H  states  that  if  H  is  completely 
mapped  into  the  inner  automorphism  group  of  G,  then  G©H  is  isomor¬ 
phic  to  the  direct  product  G  xH'  where  H9  is  isomorphic  to  H.  It 
would  be  interesting  to  dicuss  situations  when  a  subgroup  of  H,  say  H^, 
is  mapped  onto  the  inner  automorphism  group  of  G.  It  Is  plausible  that 
in  certain  cases  the  semidirect  product  G  ©  H  might  then  be  isomorphic 
to  the  semidirect  product  (G  x  Hp  ©H^,  where  H  =  x  H^,  is 

isomorphic  into  H^,  and  o'  maps  H0  into  the  outer  automorphism  group  of 
G. 


Originally,  a  section  on  the  automorphism  groups  of  C„,  as 

N 

listed  in  chapter  2,  was  to  have  been  included  in  chapter  4.  However,  the 
essentials  of  this  discussion  can  be  found  in  Matthewson  [6].  Although  it 
is  not  easy  to  obtain  the  automorphism  group  of  the  direct  product  of  two 
groups,  the  automorphism  group  of  the  semidirect  product  of  two  groups  is 
even  more  difficult  to  determine.  The  automorphism  groups  of  the  dihedral 
and  dicyclic  groups  and  are  obtained  in  chapter  2,  and  are  just 

the  holomorphs  of  the  cyclic  groups  and  respectively.  The  auto¬ 

morphisms  of  prime  power  abelian  groups  have  been  discussed  by  Ranum  [7] 
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and  Miller  [8], 

The  discussion  of  the  semidireet  product  G  ©  H  is  thus  far  from 
complete  but  a  more  complete  discussion  is  certainly  possible  and  will 
facilitate  the  determination  of  properties  of  many  more  groups. 
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